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In this thesis, we investigate some aspects of dark matter phenomenology and
its predictive power in explaining the flattening of galaxy rotation curves at large
distances. After outlining the Standard Model of particle physics, its symmetries and
possible extensions in Chapter 2, we review key facts about dark matter and various
types of dark matter models in Chapter 3. In Chapter 4 we discuss some alternatives to
cold dark matter, which include modified Newtonian dynamics (MOND), superfluid
dark matter and emergent gravity, and highlight the difficulties that are encountered in
attempts to extend these frameworks to full-fledged relativistic settings. In Chapter 5
we turn to explore a completely different option, namely that flattened rotation
curves reflect the presence of prolate dark–matter bulges or string–like objects around
galaxies, without the need for any infrared modification of gravity. To test this model,
we fit a number of galaxy rotation curves and find that the presence of a string–like
filament yields improvement in fit quality of about 40–70% in some cases, while
the deformation of a dark halo yields only modest improvement by about 6–7%. In
Chapter 6 we collect some concluding remarks.
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At the most fundamental level reached by Science today, Nature is described by two
theories: the Standard Model of Particle Physics (SM) [1], which is an account of small-
scale physics down to 10−18 m based on Quantum Mechanics and Special Relativity,
and General Relativity (GR) [2], which describes astrophysical and cosmological
phenomena at scales up to 1026 m.
The Standard Model is a Quantum Field Theory [3], in which each type of ele-
mentary particle is described as an excitation of the corresponding field. The known
particles are divided into two classes, fermions with spin 12 , which are the building
blocks of matter, and bosons, which comprise the carriers of the strong and elec-
troweak interactions. The spin–1 bosons lie in the adjoint representation of the group
SU(3)⊗ SU(2)⊗U(1), which defines the gauge symmetries of the theory. The SU(3)
sector contains 8 bosons known as gluons that mediate the strong interaction, the
SU(2) sector includes 3 bosons W± and W0, and the U(1) sector contains a single
boson B (the W±,0 and B bosons mediate the electroweak interaction). The SM also
includes a boson doublet (H+H0) with spin 0, which includes yet another type of
particle, known as the Higgs boson. After a phase transition in the early Universe,
the H0 component is postulated to have acquired a non–zero vacuum expectation
value, and as a result the W± bosons and a superposition of W0 and B known as
the Z–boson, all of which are coupled to H0, become massive, while the orthogonal
superposition of W0 and B, which is not coupled to H0, remains massless and is the
widely known photon γ. The electroweak interaction thus splits into a short–range
weak force that is responsible for β–decays of atomic nuclei, and the long–range
electromagnetic force whose macroscopic manifestations permeate our life and our
technology.
The fermionic content of SM comprises three generations, each of which contains
four types of particles. Two of these particles are known as quarks: they interact
with both strong and electroweak sectors. Due to the confining nature of the strong
interaction, quarks are only observed in bound three–quark or quark–antiquark states
called baryons and mesons respectively (collectively, they are known as hadrons).
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The other two particles are called leptons: one of them is charged with respect to
the electromagnetic and weak sectors, while the other, known as the neutrino, only
manifests itself in weak interactions. The first generation includes the u and d quarks,
the electron e, and the electronic neutrino νe, the second one contains the s and
c quarks, the muon µ, and the muon neutrino νµ, and finally the third generation
includes the t and b quarks, the τ–lepton, and the τ–neutrino ντ . The three generations
are completely identical to each other, with the only exception of particle masses,
which become larger going from one generation to the next. Just like the gauge bosons
of the weak interaction, fermions acquire their masses through couplings to the Higgs
field, known as the Yukawa couplings.
In addition to gauge symmetries, the strong and electromagnetic sectors of SM are
invariant under discrete symmetries, the C, P, and T transformations. The first one
is charge conjugation, which inverts the sign of the charge, the second is the parity
transformation, which interchanges left–handed and right–handed particles, and the
third one is time reversal. The weak sector breaks the C and P symmetries (and, in
some Yukawa couplings, even the composite CP symmetry) because it only interacts
with left–handed particles and right–handed antiparticles. However, it respects the
combined CPT symmetry, consistently with a classic theorem due to Lüders, Pauli
and Zumino: every theory that is local, Lorentz invariant, and bounded from below
has to be invariant under CPT [7].
Finally, the SM has some accidental symmetries that are not purposely built into the
Lagrangian, but are the consequences of gauge invariance or renormalizability. One of
them is baryonic symmetry, namely the conservation of a special baryonic charge
ascribed to three–quark bound states, and the other two are the custodial symmetry
and the flavour symmetry. The former is just the SO(4) rotation symmetry of the
Higgs doublet, broken by the Higgs vacuum value and by the gauge and Yukawa
couplings, and the latter is the rotation symmetry between the three generation of
fermions that is also broken by the Yukawa couplings.
The fourth interaction, gravity, does not fit into the SM, and is described by general
relativity as the curvature of spacetime induced by the presence of matter. Still,
gravity is also somehow a gauge theory, and actually its study led to the basic tools to
quantize gauge theories. General Relativity accounts for the cosmological evolution of
the Universe [4], which is permeated by a relic radiation, the CMB. This radiation
records remarkably subtle details on an early inflationary epoch [5] that provides a
rationale for the high degree of homogeneity that we observe today. Ideas drawn
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from Particle Physics, along the lines that led to the Higgs field, can account for the
transition from an early epoch of accelerated expansion to a subsequent epoch of
deceleration, while adding Quantum Mechanics into the picture gives a rationale to
the inception of structure formation [6]. Yet, the attempts to quantize gravity in the
same fashion as the other three forces encounter theoretical, phenomenological, and
conceptual obstacles [8].
However, a number of phenomena cannot be explained within either SM or GR.
One of the most prominent among them is dark matter (DM). Relying on gravitational
effects in galaxies by Fritz Zwicky in the 1930s [9, 10] and subsequent studies by
Sinclair Smith [11] and Vera Rubin [12, 13], it has been possible to conclude that the
total amount of gravitating matter within a galaxy is far greater than the amount
of luminous matter. This result has been confirmed by several independent lines
of investigation, and most notably by studies of primordial structure formation,
observations of gravitational lensing [14, 15, 16, 17], hot gas in galaxy clusters [18],
Kaiser’s effect (the distortion of galactic redshift due to their peculiar motion) [19],
and the spectrum of cosmic microwave background (CMB). According to the most
accurate CMB spectrum measurements by the Planck collaboration, dark matter
amounts to about 85% of the matter content of the Universe [20].
It has been established that DM cannot consist of already known elementary
particles or astrophysical objects. Therefore, explain it origin requires either an
extension of the SM, or new types of astrophysical objects, or possibly a modification
of GR. The first category of DM candidates involves various types of particles proposed
to resolve other issues of the Standard Model (such as the sterile neutrino [21], the
axion [22, 23, 24], and the supersymmetric partners of SM particles [25, 26, 27]), the
second category includes primordial black holes (PBHs) that could have formed in the
early Universe in post–inflationary epochs [28, 29]. Finally, the latter kind of proposals
involves a modification of the laws of gravity at large distances, and a prominent
example to this effect is known as MOND (modified Newtonian dynamics) [30].
Despite its relative obscurity, this option is sometimes seen as a very economical one,
since it explains a wealth of galaxy–scale phenomenology at the cost of introducing
just one new parameter. Unlike other models, however, MOND can only account
for one specific class of observations (gravitational dynamics of galaxies), but there
have been numerous attempts to embed it within a broader framework. The two
most notable examples are emergent gravity, which draws some inspiration from
the AdS/CFT correspondence [31] and models spacetime as an elastic medium that
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responds to the presence of baryonic matter [32], and superfluid dark matter, which
proposes that dark matter undergoes a phase transition at galactic scales, producing
MOND–type effects [33].
In this Thesis, we study several models that incorporate MOND and formu-
late a “no–go“ statement regarding them that considerably limits their explanatory
power. This result, in our opinion, points toward alternative interpretations of the
phenomenology attributed to MOND. We then propose one possible alternative
interpretation for the surprising shape of galactic rotation curves, ascribing their
origin to the presence of elongated string–like objects at the centers of galaxies, and
discover some observational evidence for their presence in a number of galaxies of the
SPARC catalogue [34].
1 S Y N O P S I S
The contents of this Thesis are as follows.
After an overview of the Standard Model of particle physics (SM), its field content
and symmetries in the Section 1 of Chapter 2, we move on to discuss some of its
unresolved issues and possible extensions of the SM that would accommodate them
in Section 2. In particular, we bring up the problem of neutrino masses that may
point to the existence of a fourth flavor of neutrinos (known as sterile neutrinos [21])
in Subsection 2.1, the strong CP problem that may necessitate the introduction of a
scalar boson known as the axion [22, 23, 24] in Subsection 2.2, and the discrepancies
between the Standard Model (which describes the electromagnetic, strong and weak
forces) and general relativity (which is the theory of the fourth interaction, gravity)
in Subsection 2.3. One of these discrepancies arises when one attempts to quantize
gravity in the same fashion as the three other forces, due to the fact that canonical
quantum gravity is non–renormalizable and diverges at two loops [8]. Another issue
has to do with the vacuum energy that is not directly observed in QFT, but becomes a
physical observable in GR: its value measured from cosmological observations (the
so–called “dark energy“) is smaller than the value expected from the Standard Model
by 120 orders of magnitude [20].
In Subsection 2.4, we discuss a possible solution to these issues in the form of
supersymmetry: namely, if one assumes that each bosonic field in the Standard
Model has a fermionic counterpart (and vice versa), their contributions to the vacuum
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energy would exactly cancel, and the observed nonzero value of VE can result from
supersymmetry breaking [25, 26, 27]. The simplest supersymmetric theory that
incorporates SM is known as the minimal supersymmetric Standard Model (MSSM).
Moreover, if one includes the graviton and its superpartner with spin 32 known as
the gravitino into the model (this extended model is known as supergravity [35]),
it removes the two–loop divergence. Supergravity is still expected to diverge at
seven loops, but, as we note in Subsection 2.5, it may be the low–energy limit of
a different framework known as String Theory [36, 37, 38]. Within String Theory,
particle states are understood as excitations of one–dimensional objects of finite
length (“strings“). The presence of a finite string length scale effectively “cures“ the
theory of UV divergences. However, the supersymmetric String Theory can only be
consistently quantized in ten spacetime dimensions, which means that the extra six
dimensions have to be compactified, possibly on Ricci–flat manifolds known as the
Calabi–Yau manifolds. The exact type of compactification, and thus the choice of
internal manifold, determines the spectrum of the resulting four–dimensional theory.
At this point it is not clear which choice, if any, would reproduce the Standard Model
(this is known as the “landscape problem“), also because the theory is relatively under
control only in the presence of supersymmetry. In addition, there exist not one but five
supersymmetric string theories (type I, type IIA and IIB, and heterotic strings based
on the SO(32) and E8⊗ E8 gauge groups), which, along with the eleven–dimensional
supergravity, are linked via transformations known as dualities, and are believed to be
various limits of a single model known as the M–theory [39]. The exact formulation of
M–theory remains unknown so far, as does the behavior of the theory in the presence
of supersymmetry breaking, which is expected to impinge in an important way on
vacuum stability.
Finally, in Subsection 2.6 we overview a number of problems from the cosmology
of the early Universe (namely, the flatness problem, the horizon problem, and the
structure formation problem) that may be resolved if the early Universe underwent a
phase of accelerated expansion [5]. Physically, this regime of accelerated expansion
can be realized through a scalar field called the inflaton. The inflaton is slowly rolling
down a potential, producing a near–constant value of vacuum energy that drives
the expansion. Moreover, the quantum fluctuations of the inflaton and of the metric
tensor classicalize during inflation, producing the seeds for structure formation. In the
context of String Theory, the inflationary scenario may alleviate the vacuum stability
issues. Namely, a specific scenario of supersymmetry breaking, known as brane
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supersymmetry breaking, can trigger the onset of inflationary phase, and would also
leave an imprint on the spectrum of primordial perturbations [40].
In Chapter 3, we overview the problem of dark matter that also indicates the
presence of physics beyond the Standard Model. In Section 1, we touch upon
the observational evidence for an additional matter component in the Universe,
including the galaxy rotation curves [9, 10, 11, 12, 13], the CMB spectrum [20], the
gravitational lensing [14, 15, 16, 17], and the primordial structure formation, and
in Section 2, we consider several discrepancies between the prevailing cold dark
matter (CDM) paradigm and observational data, namely the issues of core–cusp,
missing satellites [41], “too big to fail“, and the unexpectedly tight correlations
between luminous and dark matter distributions encoded in the radial acceleration
relation (RAR) [42] and the universal rotation curve (URC) [43, 44, 45]. In Section 3,
we overview the primary dark matter candidates, most of which are related to the
extensions of the Standard Model that we discussed earlier. Namely, the Subsection 3.1
is dedicated to weakly interacting massive particles (WIMPs) that naturally appear in
the spectrum of supersymmetric theories [46], the Subsection 3.2 covers primordial
black holes (PBHs) that could have formed in post–inflationary epoch [28, 29], and in
the Subsection 3.3, we bring up the sterile neutrinos [21]. In 3.4, we consider the so–
called “fuzzy“ dark matter, namely ultralight scalar bosons that form a Bose–Einstein
condensate [47]. This type of particles, known as axion–like particles (ALPs), can
emerge in String Theory from compactification of gauge p–forms [48]. In 3.5, we
discuss the possibility that dark matter is comprised of a hidden sector of particles,
rather than just one new particle; this sector may interact with the Standard Model
particles via mediators like the dark photon. Such hidden sectors are also expected to
exist in models motivated by String Theory [49]. Finally, in 3.6 we review dynamical
dark matter that can decay into Standard Model particles [50, 51].
In Chapter 4, we give consideration to a drastically different option, namely that
the phenomenology ascribed to dark matter instead arises from infrared modifications
of gravity that give rise to the so–called MOND (modified Newtonian dynamics)
and explain the radial acceleration relation and the flattening of rotation curves
at large distances [30]. There are numerous relativistic extensions and physical
motivations for MOND, including emergent gravity that models spacetime as an
elastic medium and the MOND force as an elastic force [32] and superfluid dark
matter that behaves like CDM on intergalactic scales, but undergoes a phase transition
within galaxies, producing a long–range phonon force [33]. However, we demonstrate
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that the covariant formulation of emergent gravity, introduced in [52], is unbounded
from below, while superfluid dark matter provides no clear mechanism for the phase
transition and the coupling of phonons to baryonic matter. We also touch upon several
other possible relativistic completions of MOND, such as f (R) gravity, which, as we
point out, cannot be tailored to produce Newtonian behavior at smaller distances
and MONDian behavior at large distances (depending on the exact form of f (R),
one would obtain either only the Newtonian solution or an infinitely large family of
solutions). Then, drawing upon an earlier work [53] that analyzes the LIGO–Virgo
results, we rule out a broader class of theories, which puts severe constraints on
incorporating MOND within general relativity.
We conclude with Chapter 5, where we present a possible alternative model for the
flattening of rotation curves, based on geometric intuition from classical electrostatics.
Our key idea is that the presence of a long, infinitely thin filament at the center of
a galaxy would produce a quasi–logarithmic potential, resulting in near–constant
rotation velocity at large radii. To test this idea, we fitted 83 galaxy rotation curves
from the SPARC sample [34], and found the evidence for the presence of a string–like
filament in about 24 of them, with varying degree of conclusiveness, but giving fit
quality improvement of about 40–70% in best cases. We overview different candidates
for the filament–like objects, from purely astrophysical one like black hole jets to
the more exotic ones like cosmic strings that touch upon theoretical high–energy
physics. For comparison, we also fitted two of these galaxies with a different setup
that incorporates a longitudinal deformation of the dark halo itself instead of the
filament. However, in this case the improvement in agreement with the observational
data was marginal at best, at around 6–7%.
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2The Standard Model and Beyond
1 T H E S TA N D A R D M O D E L A N D I T S S Y M M E T R I E S
1.1 Gauge symmetries and the field content of SM
The Standard Model (SM) [1] is the 3+1-dimensional Quantum Field Theory [3]
which describes all currently known elementary particles and interactions. The gauge
symmetry group of the SM is SU(3) ⊗ SU(2) ⊗ U(1), and it defines the bosonic
content of the theory: U(1) has one gauge field Bµ, SU(2) has 22 − 1 = 3 fields (Wa,
with a running from 1 to 3), while SU(3) has 32− 1 = 8 of them, known as gluons (GAµ ,
with A running from 1 to 8). Upon quantization, they give us the corresponding vector
bosons. The fields change in the following way under the gauge transformations:














A + f ABCGBµ ξ
C . (2.3)



















where σa are the Pauli matrices, which are the generators of SU(2).
Given the requirement of gauge invariance, the Lagrangians of gauge fields should be
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built not out of the fields themselves, but of their gauge invariant field strengths:
Fµν = ∂µ Bν − ∂ν Bµ , (2.6)
GAµν = ∂µG
A
ν − ∂νGAµ − gs f ABCGBµ GCν , (2.7)
Waµν = ∂µW
aν− ∂νWaµ + gεabcWbµ Wcν , (2.8)
and the Higgs Lagrangian should be a functional only of H†H. The kinetic term
would be expected to have the form
∂µH†∂µH , (2.9)
but to make it gauge invariant, we have to replace the ordinary derivative with the
covariant derivative:





















(DµH† DµH†)−V(H†H) , (2.11)
where
V(H†H) = −µ2(H†H) + λ
2
(H†H)2 , (2.12)
so that the Higgs field has a tachyonic-type negative mass and a quartic self-interaction







= 0 , (2.13)
i.e. either H = 0 or |H| = µ√
λ
. The first extremum is a local maximum, which
means it corresponds to a false vacuum, while the second one is a minimum (or, more
precisely, a valley of minima), corresponding to the true vacuum. The transition from
the former to the latter, which occurs in the early Universe when T drops below about
1015 K, breaks the electroweak symmetry, since the kinetic Higgs term generates the
effective mass terms for electroweak bosons (due to charge conservation, we assume




is acquired by H0):
































so that MZ ≥ MW . The combination orthogonal to Z,
A = B cos θw + W3 sin θw , (2.19)
remains massless, and is interpreted as the photon field. The original bosonic states









W3 = A sin θw + Z cos θw , (2.22)
B = A cos θw − Z sin θw , (2.23)
and the covariant derivative therefore loos like




































Dµ = ∂µ − ieQAµ − i
e
cos θw sin θw
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are the isospin-raising and lowering operators,




is the elementary electric charge (equal in natural units to the square root of electro-










is the conserved electromagnetic charge (the generator which remains unbroken when
SU(2)⊗U(1)Y breaks down to U(1)Q). The reason why exactly this combination of
generators corresponds to the unbroken symmetry is that when H0 acquires nonzero
vacuum expectation value, it is no longer symmetric under U(1), and neither is H
symmetric under the transformations that mix H+ and H0. The only symmetry which
remains unbroken is the U(1) symmetry of H+; it corresponds to the generator














This generator is known as the electric charge, and corresponds to the massless vector
boson Aµ.
In addition, the SM includes three generations of fermions, represented by spinor
fields; each generation contains two leptons (particles uncharged under SU(3), i.e.
SU(3) singlets) and two quarks (charged under SU(3), i.e. SU(3) color triplets).
The first generation consists of a doublet of an electron (e) and electron neutrino
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(νe), and another doublet consisting of an up and a down quark (u and d), as well as










, (e)R , (u)R , (d)R . (2.32)
The second generation contains the muon µ and muon neutrino νµ, and the strange










, (µ)R , (c)R , (s)R . (2.33)
In the third generation, we have the tau lepton τ and tau neutrino ντ, as well as the










, (τ)R , (t)R , (b)R . (2.34)
The particles in each generation have the same charges as their counterparts from the
previous generation, but larger masses.
The quarks transform under SU(3) as:
ψ→ exp (iTaξa)ψ , (2.35)
with a running from 1 to 8.
The spinors can also be decomposed into their left-handed and right-handed parts
using the projector γ5:









These projectors have the properties
ψ̄RψR = 0 (2.38)
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and
ψ̄Rγ
µψL = 0 (2.39)
due to the fact that γ5 anticommutes with all γ matrices, and
(1 + γ5)(1− γ5) = 0 ; (2.40)
likewise, ψ̄LψL and ψ̄LγµψR would also be zero. Therefore the Lagrangian for a
fermionic field with spin 12 , which has the form
L = ψ̄ (i /D + m)ψ , (2.41)
can be rewritten as
(ψ̄L + ψ̄R) (i /D + m) (ψL + ψR) = ψ̄Li /DψL + ψ̄Ri /DψR + m (ψ̄LψR + ψ̄RψL) . (2.42)
However, according to observational data, only the left-handed components of
fermions participate in the weak interaction, i.e. they form doublets under SU(2),
while the right-handed components are singlets. It means that both left- and right-
handed fermions transform under the U(1):
ψL,R → exp (iYξ)ψL,R , (2.43)









Within each generation, the left-handed lepton doublets have the weak hypercharge
Y = −1; as a result, components with T3 = 12 (neutrinos) have zero electric charge
and components with T3 = − 12 (electrons, muons and τ-leptons) have electric charge
-1. Right-handed leptons have Y = −2 and τ3 = 0, so the electric charge is also -1.
Left-handed quarks have Y = 13 and electric charges
2
3 (for u, c, t with isospin +
1
2 )
and − 13 (for d, s, b with isospin −
1
2 ), while right-handed u, c, t quarks have Y =
4
3 , and
right-handed d, s, b quarks have Y = − 23 .
For simplicity, we shall adopt the notation Li for the leptons (e, µ, τ), νi for the
corresponding leptonic neutrinos (νe, νµ, ντ), Ui for the quarks with T3 = + 12 and their
right-handed counterparts (u, c, t), and Di for the quarks with T3 = − 12 and their
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right-handed counterparts (d, s, b). The index i = 1, 2, 3 labels the generation.
This means that the left-handed kinetic term for each lepton generation would
have the form


































For the right-handed copies, we don’t have the terms with three W-bosons, so the
kinetic term is











The right-handed neutrinos are not coupled to the gauge bosons, so they are not
directly detectable, and are assumed not to exist within the Standard Model. In total,
































For the quarks, the kinetic and the interaction terms are the same, but both components
of the left-handed isospin doublets have right-handed singlet counterparts; in addition,
quarks are triplets under the SU(3), so they have an additional interaction term with
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(W+µ J+µi + W









Ui = UiL + UiR ,
Di = DiL + DiR ,
(2.52)

















aγµUi + D̄iTaγµDi .
(2.53)

















+µW−ν > . (2.55)
Here
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For example, the β-decay, which converts a neutron into a proton:
n→ p + e− + ν̄e (2.58)
is a quark-level weak process:





















is the so-called Fermi constant.
However, we cannot write the mass terms for either quarks or leptons because a
term of the form ψ̄LψR or vice versa would have a free SU(2) index. The Higgs field
solves this problem via chirality–flipping interactions with fermions:
Lint = fijψ̄aLi HaψRj . (2.62)
When the VEV of H2 changes from 0 to v√
2




which is basically the mass term with the mass v√
2
fij if ψ2iL and ψjR are left- and
right-handed copies of the same fermion. Now, if we want the mass term for the ψ1iL
component, we need to introduce another type of interaction term:
L̃int = f̃ijεabψ̄aLi HbψRj , (2.64)
where εab is the invariant Levi–Civita tensor:
ε12 = −ε21 = 1 ,
ε11 = ε22 = 0 .
(2.65)
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which is the mass term with the mass v√
2
f̃ij, where ψRj is the right-handed copy of ψLi.
For quarks, the matrices f uij and f
d
ij are not diagonal, but they can be diagonalized






























where Q′iL are mass eigenstates, QiL are the eigenstates of weak interaction, and
TLU,D are the transition matrices. In mass eigenstate basis the isospin-changing weak
























is the so-called Cabibbo-Kobayashi-Maskawa (CKM) matrix. Since the basis-changing
transformations are unitary, this matrix also has the property of unitarity.
VikV†kj = δij ; (2.70)
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Up to redefinitions of the fields, one needs only four quantities to parametrize the




−s12c23 − c12s23s13eiδ13 c12c23 − s12s23s13eiδ13 s23c13
s12s23 − c12c23s13eiδ13 −c12s23 c23c13
 , (2.71)
with the parameters θ12 (known as the Cabibbo angle), θ23, θ13, δ13 (here we use the
notation cij = cos θij, sij = sin θij).
1.2 Discrete symmetries
In addition to the continuous gauge symmetries, the SM Lagrangian manifests discrete
symmetries, namely C, P, and T transformations, in the electromagnetic and strong
sectors; however, they are broken by weak interactions, which conserve only the
combined CPT symmetry.
The C-transformation is charge conjugation; it means that if we have the La-












Since the spinor transforms under U(1) as
ψ→ exp (ieξ)ψ , (2.74)
we can take its complex conjugate, which would transform as
ψc → exp (−ieξ)ψc . (2.75)
Since the Lagrangian is real, we can write it as its complex conjugate:
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which in turn can be rewritten as:





where C is an arbitrary matrix. Now, if
− C−1T γ0∗γµ∗C−1 = γ0γµ , (2.78)
then Cψ∗ would be the “charge conjugate“ spinor ψc. In Weyl basis, where γ2 is
purely imaginary, and all the other γ’s are real, it can be chosen as
C = γ2 , (2.79)
which means that CT = −C, C∗ = −C, C−1 = C, and (2.78) reads:
− Cγµ∗C = γµ , (2.80)
so for µ = 0, 1, 3 γµ∗ = γµ, and C anticommutes with γµ, while for µ = 2 γ2∗ = −γ2,
and γ2 commutes with itself. Since γ2 anticommutes with γ5, C transforms ψL into
ψ∗R and ψR into ψ
∗
L.
The P-transformation is the reflection of the spatial coordinates:
~r → −~r , (2.81)










For the Lagrangian to be invariant, the spinor also has to transform as:
ψ→ Pψ , (2.83)
and P can be chosen as γ0, since it commutes with itself and anticommutes with γi’s.
Since γ0 anticommutes with γ5, the P-transformation interchanges right-handed and
left-handed fermions.
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The T-operation is antilinear, which means we have to complex conjugate the coeffi-
cients:
iγµ → −i(γµ)∗ . (2.85)
In the Weyl representation, in which γ2 is imaginary and the other three matrices are
real, iγ2 and iγ0 would not change (the latter due to time reversal), and iγ1 and iγ3





1∂1 − γ2∂2 + γ3∂3
)
Tψ . (2.86)
This matrix can be chosen as γ1γ3, so that it would anticommute with γ1 and γ3, and
commute with γ0 and γ2.
However, due to the chirality of the weak interaction, it violates the C and P
symmetries, i.e. the W±-bosons do not interact with right-handed particles and
left-handed antiparticles. After the combined CP transformation the particles would
still couple to the W±-bosons, since γ5 commutes with γ0γ2, but the spinors would be





















































The leptonic interactions are invariant under CP, but quark interactions are not, due to
the fact that the CKM matrix is complex, and Vij is substituted for V∗ij . Therefore, if we
have two interfering amplitudes for a weak process with left-handed particles:
M = |M1|eiφ1 eiψ1 + |M2|eiφ2 eiψ2 , (2.89)
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where ψ1 and ψ2 are the CKM contributions to the phases, and φ1 and φ2 are other
contributions. The amplitude for right-handed antiparticles would be:
MCP = |M1|eiφ1 e−iψ1 + |M2|eiφ2 e−iψ2 . (2.90)
Therefore the transition probability for left-handed particles is proportional to
|M|2 = |M1|2 + |M2|2 + 2|M1||M2| cos ((φ1 − φ2) + (ψ1 − ψ2)) , (2.91)
while for the right-handed antiparticles it is proportional to
|MCP|2 = |M1|2 + |M2|2 + 2|M1||M2| cos ((φ1 − φ2)− (ψ1 − ψ2)) ,12 (2.92)
so the rates of the two processes are different:
|M|2 − |MCP|2 = −4|M1||M2| sin(φ1 − φ2) sin(ψ1 − ψ2) . (2.93)
The combined CPT symmetry is however conserved due to the Pauli-Lüders theorem,
which states that any local Lorentz-invariant QFT with energy bounded from below is
CPT invariant [7].
1.3 Accidental symmetries
In addition, the Standard Model manifests so-called accidental symmetries: these are
the symmetries which are not specifically imposed, but emerge as a consequence of
gauge invariance or renormalizability (symmetry-breaking terms would have mass
dimension larger than 4).
One of these symmetries is the baryon–number conservation: each quark can be
assigned the quantum number B, with B = 13 for quarks and B = −
1
3 for antiquarks
(each baryon would therefore have B = +1, each antibaryon B = −1, and each meson






























Likewise, for leptons we have the lepton flavour number conservation: electrons
and electron neutrinos are assigned the conserved number Le = +1 (-1 for their
antiparticles), muons and muon neutrinos are assigned Lµ = +1, and τ-leptons and
τ-neutrinos have Lτ = +1. Each of them corresponds to the phase rotation of a given
lepton generation:
νi → eiξνi ,
Li → eiξ Li ,
ν̄i → e−iξ ν̄i ,
L̄i → e−iξ L̄i ,
(2.96)
where i is the lepton generation number. The conservation of these three numbers is
violated by the so-called neutrino oscillations, which are an observed phenomenon
beyond the Standard Model in its original form addressed here; however, so far there
are no observations of any processes violating the conservation of total lepton number:
L = Le + Lµ + Lτ . (2.97)
Other accidental symmetries include the custodial symmetry and the flavour symme-
try. The former has to do with the fact that







is invariant under the SO(4) rotation group, which is isomorphic to SU(2)⊗ SU(2).







Under this symmetry the fields Wa would transform as a triplet, and the right-handed
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fermions as doublets, but it is broken to U(1)Q by the gauge coupling g’ and Yukawa
couplings of fermions to Higgs.
The flavour symmetry is the rotation of three fermion generations; we can inde-
pendently rotate left- and right-handed states:
QL → UijQL QL ,
UR → UijURUR ,
DR → UijDR DR ,
LL → UijLL LL ,
eR → UijeR eR .
(2.100)
Each of those is a U(3) symmetry, so the total flavour symmetry group is (U(3))5. It
is broken by the Yukawa quark couplings to baryonic and leptonic symmetries.
The masses and charges of all Standard Model particles are given in the Table 2.1.
2 P H E N O M E N A B E Y O N D T H E S TA N D A R D M O D E L
2.1 Neutrino oscillations and the seesaw mechanism
Numerous observations (solar neutrinos, neutrino beams, etc.) indicate that neutrino
fluxes of a given flavour decrease over long distances, implying that neutrinos can
change their flavour [54]. This means that the weakly interacting flavour states of
neutrinos (“eigenstates of detection“) do not coincide with the propagating mass
states (“eigenstates of time evolution“), and can be represented as superpositions of
them:
|νi > = ∑
j
Uij|ν′j > , (2.101)
where νi are the flavour eigenstates, ν′i are the mass eigenstates, and Uij is the transition
matrix, the analogue of CKM matrix for neutrinos. It evolves in time as:
|νi(t) > = ∑
j
Uije−i(Ei−p)t|ν′j > . (2.102)
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Particle Mass Y T3 Q
(νe)L — -1 1/2 0
(e)L 0.51 MeV -1 -1/2 -1
(u)L 2.2+0.5−0.4 MeV 1/3 1/2 2/3
(d)L 4.7+0.5−0.3 MeV 1/3 -1/2 -1/3
(e)R 0.51 MeV -2 0 -1
(u)R 2.2+0.5−0.4 MeV 4/3 0 2/3
(d)R 4.7+0.5−0.3 MeV -2/3 0 -1/3
(νµ)L — -1 1/2 0
(µ)L 105.66 MeV -1 -1/2 -1
(c)L 1.275+0.025−0.035 GeV 1/3 1/2 2/3
(s)L 95+9−3 MeV 1/3 -1/2 -1/3
(µ)R 0.51 MeV -2 0 -1
(c)R 1.275+0.025−0.035 GeV 4/3 0 2/3
(s)R 95+9−3 MeV -2/3 0 -1/3
(ντ)L — -1 1/2 0
(τ)L 1776.86±0.12 MeV -1 -1/2 -1
(t)L 173±0.4 GeV 1/3 1/2 2/3
(b)L 4.18+0.4−0.3 GeV 1/3 -1/2 -1/3
(τ)R 1776.86±0.12 MeV -2 0 -1
(t)R 173±0.4 GeV 4/3 0 2/3
(b)R 4.18+0.4−0.3 GeV -2/3 0 -1/3
W± 80.379±0.012 GeV 0 ±1 ±1
Z 91.1876±0.0021 GeV 0 0 0
γ 0 0 0 0
g 0 0 0 0
H0 125.18±0.16 GeV 1 -1/2 0
TA B L E 2 . 1 : Masses and charges of the Standard Model particles.
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and assuming that all superposition components propagate with the same momentum
(i.e. the flavour eigenstate is also the momentum eigenstate), we obtain





2p |ν′j > . (2.104)
Therefore, if a neutrino is emitted with flavour i, the probability of its detection with
flavour j after a time period τ is





2p |2 . (2.105)
However, within the Standard Model the neutrinos are massless because there are no
right-handed neutrino states. One way to introduce neutrino masses is the so-called
seesaw mechanism. First, we introduce the right–handed neutrino states and couple
them to the Higgs field:
f νεab L̄aHbνR , (2.106)
which gives rise to a standard (Dirac) mass term of the form
MD (ν̄LνR + ν̄RνL) . (2.107)
However, we can also add the so–called Majorana mass terms (they can only be added
for neutral particles, since they violate the U(1) symmetry):
MM1ν̄LνcL + MM2ν̄
c
RνR + c.c. (2.108)
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Diagonalizing this matrix, we derive the equation on its eigenvalues:
λ2 − (MM1 + MM2)λ + (MM1MM2 −M2D) = 0 (2.110)
with the solutions
λ =
MM1 + MM2 ±
√
(MM1 −MM2)2 + 4M2D
2
. (2.111)
Now, one can see that when one eigenvalue increases, the other decreases, which gives














Therefore, if the Standard Model neutrinos are very light (MD ≈ MM), the right-
handed sterile neutrinos would naturally be much heavier [21].
2.2 The Strong CP Problem





It is known as the topological term: in the presence of gravity it does not involve
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The first term identically vanishes, since one focuses naturally on configurations of
fields for which at infinity
Faµν = 0 . (2.118)
Therefore for an abelian theory like QED, in which the second term is not present,
the topological term is identically zero and does not contribute to the action. For a
non–abelian theory, however, the second term can be non–zero due to the fact that the






Due to the property of the generators
Tr[TaTbTc] = iεabc , (2.120)
the action would be given by
Sθ = nθ , (2.121)
where








is the so-called winding number. In the general case, two different U-matrices cannot
be smoothly transformed into each other, which means two different “pure gauge“
configurations of Aµ are also topologically non–equivalent. To transform one into the
other, we have to pass through configurations with
Faµν 6= 0 , (2.123)
which means they correspond to different vacua with different values of n.
Besides the QCD vacua, the topological term can also emerge from the so-called
chiral, or axial anomaly, generally known as the Adler–Bell–Jackiw (ABJ) anomaly.
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Namely, we can observe that the Lagrangian of a massless fermion
L = iψ̄ /Dψ (2.124)
is also invariant under the transformation
ψ→ eiξγ5 ψ ,
ψ̄→ ψ̄eiξγ5 ,
(2.125)
known as the axial symmetry, due to the fact that all the γµ matrices anticommute










we would see that its measure is not invariant under the axial transformation, if
one demands that it be invariant under the usual phase transformations related to
electromagnetic interactions. To understand this, we decompose the fermionic fields









(i /D)φn = λnφn ,
φ̄n(i /D) = −i∂µφnγµ = λnφ̄n ,
(2.128)




d4x φ̄nφ̄†m = δnm . (2.129)
In this basis, the measure would be
Dψ̄ Dψ = Πn(anbn) . (2.130)
Now, after the transformation, the new fields
ψ′ = (1 + iξγ5)ψ , ψ̄′ = ψ̄(1 + iξγ5) (2.131)
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Jnm = δnm + i
∫
d4xξ(x)(φ†nγ5φm) (2.134)
can be calculated with the use of the identity
ln (det(M)) = tr (ln(M)) , (2.135)
which in this case gives us
ln(J) = i ∑
n
∫
d4x ξ(x) (φ†nγ5φn) (2.136)
(ξ is infinitesimal, so we neglect O(ξ2)).


























|x > . (2.138)
Then we use another identity














































where the trace is given by
Tr[γ5σµνσαβ] = −Tr[γ5γµγνγαγβ] = 4iεµναβ , (2.143)































Since for fermionic variables the measure transforms as
Dψ̄Dψ→ J−2Dψ̄Dψ , (2.147)
the axial transformation would give us an effective extra contribution to the La-








effectively changing the value of θ:
θ → θ + 2ξ . (2.149)
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Since ξ can be arbitrary, it means that the physics should not depend on it, i.e. the QCD
partition function must not be a function of θ, which solves the strong CP problem.
However, this solution would be feasible only if we had at least one massless quark
(namely, the up quark), which we could use to “rotate away“ the θ parameter. This
can also be seen from the value of the neutron electric dipole moment, calculated with





which vanishes for mu = 0.
However, lattice simulations indicate that this is not the case; at the same time,
experimental measurements of the dipole moment have constrained θ to be not larger
than 10−10, which makes it a “fine-tuning“ problem [55].
One solution, known as the Peccei-Quinn mechanism [22], is to promote θ to a













Now, we can combine θ and a into




and the total Lagrangian would therefore be only a function of Θ, and not of θ and a
separately:










Therefore, since the whole QCD Lagrangian except the topological term preserves P
and CP, it means that the effective potential, calculated from quantum corrections,
would have to be even in Θ and have a stationary point at Θ = 0.
Initially the constant fa was thought to be around the electroweak scale, which con-
tradicted the observational bounds on the axion-photon interactions; however, Kim,
Shifman, Vainshtein, and Zakharov (KSVZ) showed that fa can be made arbitrarily
large, bypassing the observational constraints (the so-called “invisible axion“) [23, 24].
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2.3 Gravity and Dark Energy







−g R , (2.154)
where
R = Rµνgµν (2.155)
is the Ricci scalar,











∂αgβρ + ∂βgαρ − ∂ρgαβ
)
(2.157)






is the metric determinant. Now, if we vary the sum of the Einstein-Hilbert action and

















+ gµνLm , (2.161)
is the stress-energy tensor, and Lm is the Lagrangian of matter (it can be either the
Standard Model Lagrangian or the Lagrangian of some effective theory). In particular,
T00 = ρ (2.162)
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F I G U R E 2 . 1 : Wormhole throat embedding
is the energy density, and
Tii = p (2.163)
is the pressure in isotropic solutions where Tii is the same for all three spatial coordi-
nates.
General relativity does not impose a priori any constraints on Tµν; therefore,
by choosing matter with an “exotic“ stress-energy tensor, it is possible to construct
solutions that are usually considered pathological. One such solution is the so-called
Ellis (or Morris–Thorne) wormhole which connects two disconnected regions of space,
potentially allowing for closed timelike curves and violations of causality [56, 57, 58].
Without loss of generality, any spherically symmetric metric can be written in the form:







dθ2 + sin2 θdφ2
)
, (2.164)
where b(r) and Φ(r) are arbitrary functions. However, if we require that the radius
varies non-monotonously, i.e. it goes from infinity to some minimal value a, and
then back to infinity, with the intervals (+∞, a) and (a,+∞) not identified with each
other, it would be the wormhole metric, connecting either two disconnected points in
spacetime or two different Universes.







dr2 + r2dφ2 , (2.165)
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which may be embedded into three-dimensional cylindrical coordinates:
ds23 = dr










The “wormhole“ connects the + and - solutions, i.e. those with z > 0 and those




= 0⇔ b(a) = a , (2.168)







> 0 ≡ b(r) > b′(r)r (2.169)
for r > a.
Now, if we solve the Einstein equations for this metric, we see that the 00-










Assuming Φ is non-singular near r = a, we can rewrite the flare-out condition (2.169)
as:
ρ− pr < 0 . (2.172)
To avoid these kinds of solutions, it has been proposed to supplement general
relativity with the so-called null energy condition (NEC). In its simplest form, it says:
T00 = ρ > 0 , (2.173)
i.e. negative masses cannot exist. Its covariant formulation is
Tµνnµnν > 0 , (2.174)
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where n is an arbitrary null vector, i.e. a vector satisfying the condition:
gµνnµnν = 0 . (2.175)
Now, if we align n in the radial direction:
n = (1, 1, 0, 0) , (2.176)
NEC would basically state that the flare-out condition (2.169) is wrong, and Morris-
Thorne wormholes cannot be traversable.
For a homogeneous isotropic Universe, we would have a Friedmann-Robertson-
Walker (FRW) metric of the form
ds2 = −dt2 + a2(t)d~r2 , (2.177)
and the stress-energy tensor components would be
T00 = ρ , (2.178)
Tij = a2gij p . (2.179)
Now, if we choose
n0 = 1 , (2.180)
the spatial components should have the form
ni = a−1νi , (2.181)
with
gijνiνj = 1 , (2.182)
and the null energy condition for this vector would be
ρ + p > 0 . (2.183)
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is the Hubble parameter, and κ is the curvature of the Universe (if it is nonzero, it can
be normalized to ±1; the cases of k = +1, 0,−1 are known as the closed, flat, and
open universe respectively). Eq. (2.184) can also be rewritten in the form









are the contributions of the matter density (both non–relativistic matter and radiation)





Substituting (2.184) into (2.185), we obtain
Ḣ = −4πG(ρ + p) + κ
a2
. (2.190)
From NEC, it follows that the first term on the right-hand side is always negative,
and therefore in most cases (for zero and negative curvature, and sometimes even
for positive curvature) the Hubble rate can only decrease during the evolution of
the Universe, which rules out the so-called Big Bounce models and time-symmetric
solutions, in which the Universe starts expanding after a phase of contraction.
In addition, the covariant stress-energy conservation law is
∇µTµν = ρ̇ + 3H(ρ + p) = 0 , (2.191)
and if the second term is always positive, this means that ρ̇ must always be negative,
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i.e. the density of the Universe always decreases during its evolution.
Now, assuming Minkowski metric with a small perturbation:
gµν = ηµν + hµν , (2.192)








µ −hµν − ∂µ∂νh− ηµν∂α∂βhαβ + ηµνh
)
= 8πGTµν . (2.193)
However, the solutions are not unique because the gauge transformation
hµν → hµν − ∂µξν − ∂νξµ , (2.194)
leaves the equations invariant at first order. A more generic form of this expression for
non–flat backgrounds may be derived by considering the coordinate transformation
xµ → xµ + ξµ . (2.195)








and substituting (2.195), one obtains at first order in ξ:
g′µν = gµν − gαν∂µξα − gµβ∂νξβ − ξα∂αgµν , (2.197)
or, equivalently,
g′µν = gµν −∇µξν −∇νξµ . (2.198)
For Minkowski metric, this is exactly (2.194).








ν ) = 0 , (2.199)
where
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or, equivalently,




This is achieved by choosing the vector ξ which satisfies:
ξµ = ∂µ(h̄
µ
ν ) . (2.202)
In this gauge, the Einstein equations simplify to:
−h̄µν = 16πGTµν . (2.203)
In absence of source, the equation is just the wave equation:
h̄µν = 0 , (2.204)




with kµkµ = 0, i.e. gravitational waves propagate at the speed of light. As a symmetric
matrix, εµν has 10 independent components. The Lorentz gauge condition gives the
constraints
kµεµν = 0 . (2.206)
ν runs from 1 to 4, so we have 4 constraints, and therefore 6 degrees of freedom left.
Finally, there is the residual gauge freedom due to the fact that we can shift hµν by ξ
without breaking the Lorentz gauge condition (2.199) if ξ satisfies:
ξµ = 0 . (2.207)




Aµν can be made transverse to the time vector:
kµ Aµ0 → kµ
(
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This condition comprises four equations, which can be satisfied by choosing the four
components of Cµ. Therefore, if h0µ = 0, the 0-component of the Lorentz condition
gives us
h = 0 , (2.211)
and therefore
hµν = h̄µν . (2.212)
This gauge is known as the transverse-traceless (TT) gauge. Now, given the two gauge
conditions, we have 10− 4− 4 = 2 degrees of freedom. If we orient~k alongside the z
axis:
k = (w, 0, 0, w) , (2.213)
these degrees would be hxx = −hyy = h+ and hxy = hyx = h×, i.e.
εµν =

0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

. (2.214)
Using analogy with electromagnetism, one is led to expect that gravitational waves
result from streams of spin-2 massless particles called gravitons, and the Minkowski
metric would therefore be the vacuum expectation value of the gravitational field.
Now, if we absorb the Planck mass into the metric:
hµν → MPlhµν , (2.215)
it is possible to write the effective action















d4x hµνTµν , (2.216)
and quantize it using covariant quantization techniques. However, this theory
is nonrenormalizable. Just like the effective Fermi theory, it has a dimensionful
coupling constant M−1P , but its symmetries eliminate completely the divergences
at one loop [59]. However, at two loops a divergence shows up [8]. In addition,
the Lagrangian is non-polynomial, so it contains an infinite series of terms with
growing powers of M−1P , and would require infinitely many counterterms of the form
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R2, RµνRµν, etc.
Another discrepancy between General Relativity and the Standard Model is the








h̄wi ∼ MPl L−3Pl . (2.217)
The existence of vacuum energy is evidenced by the Casimir effect, but since in
quantum theory only transition energies between states are observable, the zero-point
energy is not physically relevant, and we can shift the ground state energy by an
arbitrary constant. In General Relativity, however, this is not the case. Any vacuum






Because of the multiplier
√−g, it would yield a nonzero contribution to the stress-
energy tensor:
Tµν = Λ gµν , (2.219)




gµνR = 8πGΛgµν (2.220)
no longer have a Minkowski solution with Rµν = 0. Instead, the spherically symmetric





3 Λt . (2.221)
Likewise, for a negative Λ we would obtain a solution known as the anti-de Sitter
(AdS) universe, with the metric:
− (1 + r
2
L2
)dt2 + (1 +
r2
L2
)−1dr2 + r2dΩ2, (2.222)
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Technically, D–dimensional dS and AdS spacetimes can be seen as hypersurfaces
embedded in a (D+1)–dimensional spacetime whose metric is given by:
ds2 = −dτ2 + d~x2 ± dz2 , (2.224)
and the embedding condition is
− τ2 +~x2 ± z2 = −L2 . (2.225)
The plus sign in front of z2 corresponds to positive Λ and negative L2 (dS), and the



































with ∑i ξ2i = r
















, xi = rξi , (2.227)
with ∑i ξ2i = 1, produces the metric (2.222).
An even more puzzling fact is that the value of Λ, estimated from Planck data, is
actually positive (as one would expect in the vacuum energy scenario), but its value
is around 70% of the critical density of the Universe, i.e. about 120 orders smaller
than (2.217) (it is known as “dark energy“) [20]. If taken at face value, this result
would imply extreme fine–tuning: the (negative) cosmological constant, which should
be added by hand to the Einstein equations to cancel the vacuum energy contribution,
would have to be almost equal to the vacuum energy, but have a difference at order
10−120.
We can also consider a more generic class of actions for GR, known as f (R) gravity:





−g f (R) (2.228)
(other scalars constructed from the Riemann and Ricci tensors, such as RµνRµν,
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should not be present in the action because they would produce the Ostrogradsky
instability [64, 65, 66]). Performing the conformal rescaling of the metric:
g̃µν = f ′(R)gµν = e
√
2
3 κφgµν , (2.229)

















R f ′ − f
2κ f ′2
. (2.231)
Since the matter Lagrangian would still couple to the “old“ metric gµν, it would








3 κφ g̃ Lm(e−
√
2
3 κφ g̃) . (2.232)
This means that f (R) gravity is dual to standard Einstein gravity with an additional
scalar field [67].
2.4 Supersymmetry, Minimal Supersymmetric Standard Model (MSSM), and Su-
pergravity
One way to resolve the vacuum energy problem is to supplement the Standard Model
with an additional symmetry, known as supersymmetry (SUSY), which interchanges
bosonic and fermionic fields [25, 26, 27]. According to the Coleman–Mandula “no-go“
theorem, a quantum field theory can have no symmetry group with a Lie algebra
larger than ISO(1, 3)⊗ G, where ISO(1, 3) is the Poincare group, and G is the internal
symmetry group (SU(3)⊗ SU(2)⊗U(1) in the case of the Standard Model). This
means that spacetime symmetries and internal symmetries cannot be combined in
any way [68] by ordinary generators. However, this restriction may be bypassed if the
Lie algebra is substituted by a Lie superalgebra, which includes both commutation
and anticommutation relations. Namely, one can introduce a number of generators
(QI)iα, known as supercharges, and their Dirac conjugates (Q̄I)iα, where i is the spinor
index, α is the index taking values 1 and 2, and I is the supercharge number (a theory
can have more than one supersymmetry). Since these generators are spinors, it means
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that by acting on bosonic (i.e. scalar, vector or tensor) states, they would transform
them into fermionic (i.e. spinor) states, and vice versa:
QIα|B >→ |F > ,
Q̄Iα|F >→ |B > .
(2.233)















I J)∗ , (2.236)
and the following commutation properties with the Poincare group generators:
[QIα, Pµ] = 0 , (2.237)
[Q̄Iα, Pµ] = 0 , (2.238)
[Mµν, QIα] = i(σµν)
β
αQIβ , (2.239)
[Mµν, Q̄Iα] = i(σ̄µν)
β
αQ̄Iβ . (2.240)














and ZI J is the so-called central charge with the antisymmetry property:
Z J I = −ZI J . (2.242)
In the simplest variant of SUSY, the so-called N = 1 SUSY (N denotes the number of
supercharges), there is only one supercharge Qµ and its Dirac conjugate Q̄α, and the
central charge is zero. We can also use the four–component spinor notation, in which:

















The vacuum state is annihilated by both supercharges:
QIα|0 > = Q̄Iα|0 > = 0 ; (2.245)
therefore, if we take the vacuum average of both sides of (2.234), we obtain
< 0|Pµ|0 > = 0 . (2.246)
This means that in a supersymmetric theory, the energy and momentum of the ground
state should be zero, if computed with the prescription determined by the algebra; this
is explained by the fact that for any bosonic loop diagram contributing to the vacuum
energy, there is a fermionic diagram of the same magnitude but of the opposite sign.
The extension of Standard Model with N = 1 SUSY is known as minimal su-
persymmetric Standard Model (MSSM) [69]. It contains scalar superpartners of
leptons and quarks known as sleptons and squarks (due to the chirality of the weak
interaction, left-handed and right-handed states have separate superpartners) and
spin- 12 counterparts of gauge fields called gluinos (for gluons), winos, and bino (for
W- and B-bosons). Besides, instead of a single Higgs doublet, we should have two of
them, and therefore two superpartners (Higgsinos). There are two reasons for this:
the first one is gauge anomaly cancellation, and the second is that in supersymmetric
models, we cannot have Yukawa couplings to εabHb, so we need two separate Higgs
doublets to give masses to up- and down-type quarks.
The simplest way to write the Lagrangian of MSSM is to introduce superspace,
i.e. to supplement the four spacetime coordinates with the so-called Grassmann
coordinates θα and θ̄α̇, with α and α̇ taking values 1 and 2:
(xµ, θα, θ̄α̇) . (2.247)
All Grassmann variables anticommute with each other:
{θα, θβ} = {θα, θ̄α̇} = {θ̄α̇, θ̄β̇} = 0 , (2.248)
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and as a result they are nilpotent:
θαθα = θ̄α̇ θ̄α̇ = 0 (2.249)
for each α and α̇ (here we are not summing over them).
In the following, we consider an algebra of four Grassmann variables (θ1,2, θ̄1,2). In
this case, products of more than two variables (θαθβθγ... and θ̄α̇ θ̄β̇ θ̄γ̇...) would vanish,
since at least two of the indices α, β, γ has to have the same value.
This means that an arbitrary function of superspace coordinates (a superfield)
may be written as:
F(x, θ, θ̄) = f (x) + θψ(x) + θ̄χ̄(x) + θ2α(x) + θ̄2β(x)+
θσµ θ̄vµ(x) + θ2θ̄φ̄(x) + θ̄2θξ(x) + θ2θ̄2ρ(x) ,
(2.250)
where f (x), α(x), β(x), ρ(x) are scalars, ψ(x), χ̄(x), φ̄(x), ξ(x) are spinors, and vµ(x)
is a vector, and
θθ = εαβθαθβ = θ
αθα ,
θ̄θ̄ = εβ̇α̇ θ̄α̇ θ̄β̇ = θ̄α̇ θ̄
α̇
(2.251)
are the scalar products.
The integrals over Grassmann variables, known as the Berezin integrals, are




d2θ̄ = 0 ,∫
d2θθθ =
∫
d2θ̄θ̄θ̄ = 1 .
(2.252)
The supercharges can be defined as differential operators in superspace, just like the
momentum is the translation operator in ordinary space:




Q̄α̇ = −i∂̄α̇ − θασµαα̇∂µ .
(2.253)
However, a derivative of a superfield over Grassmann variables would not be a
superfield itself, since the supersymmetry transformations do not commute with
derivation:
[δε,ε̄, ∂α] 6= 0 6= [δε,ε̄, ∂α̇] . (2.254)
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This means we should introduce the “SUSY covariant derivatives“:








whose anticommutator is given by




and which anticommute with the supercharges:
{Dα, Qβ} = {Dα, Q̄β̇} = {D̄α̇, Qβ} = {D̄α̇, Q̄β̇} = 0 . (2.257)
Therefore, since ε and ε̄ also anticommute with D and D̄ (because they anticommute
with θ, θ̄, ∂, ∂̄), εQ and ε̄Q̄ would commute with D and D̄. This means that
[Dα, δε,ε̄] = [D̄α̇, δε,ε̄] = 0 , (2.258)
and DαY and D̄α̇Y are also superfields.
Now, if we integrate Y over superspace, we get a function L in the real space:
L(x) =
∫
Y(x, θ, θ̄)d2θd2θ̄ , (2.259)
which transforms under SUSY as:
δε,ε̄L =
∫ (
i(θσε̄− εσθ̄)µ∂µ + εα∂α + ε̄β∂̄β
)
Yd2θd2θ̄ . (2.260)
The last two terms vanish because they would have no more than three θ and θ̄ (i.e.
the highest-order terms would be θ2θ̄ and θθ̄2), while the nonvanishing terms would
need to have θ2θ̄2. The first term is a total derivative and vanishes upon integration
over d4x; therefore L is supersymmetric by construction. This means that if we define
Y as a “superfield Lagrangian“, i.e. a functional of superfields:
Y
(
φ(x, θ, θ̄), ψ(x, θ, θ̄), Vµ(x, θ, θ̄)
)
, (2.261)
then L would be a supersymmetric Lagrangian.
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One particular type of superfield is a chiral superfield, defined by the condition
D̄α̇Φ = 0 . (2.262)
It is convenient to introduce new coordinates in superspace:
yµ± = x





α = 0 , (2.264)
a chiral superfield can be defined as an arbitrary function of y+ and θ:
Φ = φ(y+) +
√
2θαψα(y+) + θθF(y+) , (2.265)
which gives us:









µ θ̄ + θθF(x) .
(2.266)
Likewise, we can define an anti-chiral field Φ̄, which satisfies the condition
DαΦ̄ = 0 , (2.267)
and is therefore a function of y− and θ̄:
Φ̄ = φ̄(y−) +
√
2θ̄α̇ψ̄α̇(y−) + θ̄θ̄F̄(y−) , (2.268)
i.e.








θ̄2θσµ∂µψ̄(x) + θ̄θ̄F̄(x) .
(2.269)
Due to the chain rule for derivatives, if Φ is a chiral superfield, then an arbitrary
function Λ(Φ), which is holomorphic:
∂Λ
∂Φ̄
= 0 , (2.270)
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is also chiral:
D̄α̇Λ = 0 . (2.271)
The kinetic Lagrangian for a number of chiral superfields Φi is given by the so-called








Since L corresponds to the θθθ̄θ̄-part of K, K should not depend on DαΦ and D̄α̇Φ̄
to avoid higher derivatives of fields in the Lagrangian and resulting nonlocality. In
addition, it should be real, to guarantee the reality of the Lagrangian:
K̄(Φ̄i, Φi) = K(Φi, Φ̄i) . (2.273)
In the simplest model with just one chiral field Φ, these conditions imply that K can







c∗mn = cnm . (2.275)
The Lagrangian is invariant under the following transformation of the Kähler potential:
K(Φ, Φ̄)→ K(Φ, Φ̄) + Λ(Φ) + Λ̄(Φ̄) , (2.276)
where Λ(Φ) is a holomorphic function of Φ. This symmetry is due to the fact that Λ
is itself a chiral field (as was previously proven), and therefore its θ2θ̄2 component is a
total derivative; therefore polynomial terms with m = 0 or n = 0 are irrelevant.
Now, from (2.263) we see that θ and θ̄ have mass dimension [M] = − 12 (since
xµ has [M] = −1). Since the Lagrangian has [M] = 4, it means that the Kähler
potential K ∝ θ2θ̄2L would have [M] = 4− 4 ∗ 12 = 2. At the same time, Φ has
[M] = 1, since φ, as a scalar, has [M] = 1, and ψ, as a spinor, has [M] = 32 ; this means
that the coefficients cmn have [M] = 2−m− n. Renormalizability requires that the
coefficients should not have negative mass dimension ([M] ≥ 0), which means that
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the polynomial has only one term with m = n = 1:
K(Φ, Φ̄) = Φ̄Φ . (2.277)
Upon integration, the θ2θ̄2-part of K gives us the kinetic terms plus the F2-term:







+ F̄F . (2.278)
However, we do not get the self-interactions and Yukawa couplings for φ and ψ;
to obtain them, we needs to introduce the additional term W(Φ), known as the
superpotential. Since W is holomorphic, it should be integrated only over half







From the chiral superfield decomposition (2.266), we see that the θθ-component of the












and the complete Lagrangian would therefore be given by:























Since F and F̄ have no kinetic term, they do not propagate, and can be integrated out
(they are known as the auxiliary fields), so we finally obtain:






















Since dθdθ has mass dimension 1, the superpotential should have [M] = 3, which
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corresponds to a theory known as the Wess-Zumino model:








m2|φ|2 −mg|φ|2 (φ + φ∗)− g2|φ|4 − g (φψψ + φ∗ψ̄ψ̄) .
(2.285)
This can be easily generalized to models with several chiral multiplets Φi. In this case,
we would have
K(Φi, Φ̄i) = Φ̄iΦi ,








with the bosonic Lagrangian given by






is known as the Kähler metric.
The Kähler potential is invariant under the global transformation
Φ→ exp (iΛ)Φ , Φ̄→ Φ̄ exp (−iΛ) . (2.289)
However, if we want to promote Λ to a local parameter Λ(x, θ, θ̄), we would need
D̄α̇(eiΛΦ) = 0 , (2.290)
and therefore Λ should also be a chiral superfield. However, this means that the
action would no longer be invariant:
Φ̄e−iΛ̄eiΛΦ 6= Φ̄Φ . (2.291)
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Due to the reality of the Lagrangian, V should be real and transform as
eV → eiΛ̄eVe−iΛ ⇔ V → V + i (Λ̄−Λ) . (2.293)
Choosing an appropriate gauge, known as the Wess-Zumino gauge, we can cast V in
the form




In this gauge, all powers of V higher than 2 vanish, so the Kähler potential with





























Finally, combining (2.295) and (2.281), we obtain:
Lφ = DµφDµφ̄ +
i
2
(Dµψσµψ̄− ψσµDµψ̄) + i
√
2g(φ̄(λψ)− φ(ψ̄λ̄))+

















Dµ = ∂µ − igvµ (2.297)
is the covariant derivative.









d2θ̄(W̄ α̇W̄α̇) , (2.298)
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D̄D̄Dα(Φ + Φ̄) = Wα . (2.300)
To calculate Wα, it would be more convenient to express V in terms of y+, since
D̄α̇y+ = 0:













α̇vµ + 2iθα θ̄λ̄ + θ2θ̄2σ
µ
αα̇∂µλ̄







α̇ − iλα + θαD + 2iσµναβ θ
β∂µvν . (2.303)




Fµν = ∂µvν − ∂νvµ . (2.305)
And the Lagrangian (2.298) would be






Finally, we can add the term
LFI = 2gξ
∫
d2θd2θ̄V = gξD(x) , (2.307)
known as the Fayet-Iliopoulos term. It is SUSY invariant by definition, and gauge
invariant due to the fact that
∫
d2θd2θ̄(Ψ + Ψ̄) (2.308)
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is a total derivative. Now, if we integrate out the auxiliary field D, we obtain
D = −gφ̄φ− gξ , (2.309)




(φ̄φ + ξ)2 . (2.310)
This theory is the N = 1 supersymmetric QED, i.e. the abelian U(1) model. However,
we can also consider a non–abelian theory, N=1 super-Yang-Mills (SYM), by making
V a matrix:
V → VaTa . (2.311)





aTa)l j , (2.312)
the covariant derivative would have the form








































α̇ − iλα + θαD + iσµναβ θ
βFµν , (2.317)
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with





































Tr[Fµν F̃µν] . (2.321)
The D–term may once again be integrated out, and since we have no Fayet–Iliopoulos





More generically, one can derive the form of the D–term from the requirement that the
gauge transformations of the fields:
δIφ
a = ξaI (2.323)
leave the Kähler potential invariant up to a gauge transformation:
K(φ, φ̄) = K(φ, φ̄) + ξaI ∂aK + ξ̄
ā
I ∂āK + Λ(φ) + Λ̄(φ̄) . (2.324)
Therefore, given the transformation law of the vector superfield (2.293), the D–term





ξaI ∂aK− ξ̄ āI ∂āK + Λ(φ)− Λ̄(φ̄)
)
. (2.325)
In particular, if we require the Kähler potential to be gauge invariant, Λ would have
to be an imaginary constant, producing a Fayet–Iliopoulos term.
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One particular case of N = 1 supersymmetric model is MSSM, which has the
same field content as the Standard Model, but with the fields replaced by superfields,
up to a doubling in the Higgs sector that we have anticipated. Namely, it contains
electroweak and gluon vector superfields, along with fermionic and Higgs chiral
superfields. The superpotential of MSSM reads:
W = µHuHd + yuūHuQ + ydd̄HdQ + ye ēHdL . (2.326)
In principle, one can also add lepton- and baryon-number violating terms
W∆L=1 = αijkLiLj ēk + βijkLiQjd̄k + γiLi Hu (2.327)
and
W∆B=1 = λijkūid̄jd̄k . (2.328)
However, given the tight observational constraints on B- and L-violating processes
(other than neutrino oscillations), α, β, γ, and λ would have to be extremely small.
One natural way to set them to zero is to introduce a new symmetry, the so-called
matter parity:
PM = (−1)3(B−L) . (2.329)
Fermionic supermultiplets would have PM = −1, while Higgs and gauge boson
supermultiplets, which do not carry a baryon or lepton number, would have PM = +1.
Therefore, requiring that the Lagrangian be PM-even eliminates these terms.
Unlike B and L, which are known to be violated by sphaleron processes, PM can in
principle be an exact symmetry of the theory. It may be recast in terms of the so-called
R-parity:
PR = (−1)3(B−L)+2s , (2.330)
but unlike matter parity, the R-parity cannot be defined for the whole supermultiplet
because it would be different for particles and their superpartners. The R-parity can be
understood to emerge from the continuous R-symmetry of supersymmetric theories,
which corresponds to the U(1) transformation of Grassmann variables:
θ → eiαθ , θ̄ → e−iα θ̄ (2.331)
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(the discrete R-parity corresponds to the mirror reflection: θ → −θ, θ̄ → −θ̄). To
preserve the invariance of Berezin integrals, we would also have to demand
dθ → e−iαdθ , dθ̄ → eiαdθ̄ . (2.332)
Now, if a chiral field Φ has the R-charge n, then, per the decomposition (2.266), the
scalar component φ should also have the charge n, the spinor component ψ has to
have the charge (n− 1), and F would have (n− 2). The vector superfields would
have to remain uncharged due to the form of the interaction terms (2.295), which
means that the vector field vµ would also be uncharged, and the gaugino λ would
have the charge +1.
From these considerations, one can see that the Standard Model particles would
not be charged under the R-symmetry, while their superpartners (gauginos, higgsinos,
squarks, and sleptons) would have R = ±1. Now, since the term µHuHd breaks
the R-symmetry, one would have to demote it to the discrete R-parity, defined as
PR = (−1)R, making the SM particles R-even and their superpartners R-odd.
However, in SUSY models, the masses of particles and their superpartners are
exactly equal, which means that superpartners should have already been discov-
ered in collider experiments. The fact that we do not observe them means that, if
supersymmetry has a role in Nature, it should be broken in such a way that makes
superpartners heavier than the SM particles.
There are two ways of breaking SUSY: spontaneous (the Lagrangian is supersym-
metric, but the system is in a non-supersymmetric vacuum state), which is similar to
electroweak symmetry breaking, and explicit (the Lagrangian contains SUSY-breaking
terms, and some of them can have a spontaneous origin in supergravity, the local
version of supersymmetry that we shall discuss shortly). The SUSY ground state has
zero energy due to (2.245), which means
V(φ, φ̄) = F̄F +
1
2
D2 = 0 (2.333)
if SUSY is unbroken (here ξ = 0 for non–abelian groups, while Ta is just 1 for abelian
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are known as F-flat directions, while those which satisfy
Di ∝ φ̄iTaijφ
j = 0 (2.335)
for non–abelian case or
D ∝ φ̄φ + ξ = 0 (2.336)
for abelian case are known as D-flat directions. The violations of these conditions
result in F- and D- spontaneous SUSY breaking, respectively.






= 0 . (2.337)











(Ta)ji = 0 , (2.338)














 = 0 (2.339)





(Ta)ji ∝ δ 〈W〉 = 0).




or 〈Da〉 are nonzero,
the matrix has a nontrivial eigenvector corresponding to the eigenvalue λ = 0.
However, as can be seen from the Lagrangian 2.296, this matrix is also the mass matrix































2 〈Da〉 λa (2.341)
would be massless. It is known as the goldstino, the analogue of a Goldstone boson
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for broken supersymmetry. The presence of a massless particle in the spectrum is
potentially problematic, since such a particle has never been detected. We shall touch
upon one possible solution to this problem later on, when we discuss supergravity:
just as Goldstone bosons can be eaten by vectors making them massive, so Goldstinos
can be eaten by spinor–vectors, gravitino fields, making them massive.
For a generic cubic superpotential of the form (2.286), the F-term is yielded by
Fi = ci + mijΦj + gijkΦjΦk , (2.342)
and therefore we can see that the necessary condition for F-term SUSY breaking
should be ci 6= 0 (otherwise there is always the vacuum Φi = 0, for which SUSY is
unbroken). For a case of three fields Φ1,2,3 with the superpotential
W = cΦ1 + mΦ2Φ3 + gΦ1Φ23 , (2.343)
known as the O’Raifeartaigh model, the F-terms would be
F1 = c + gφ23 , F2 = mφ3 , F3 = 2gφ1φ3 . (2.344)
For c 6= 0, they cannot be put to zero simultaneously, resulting in F-term SUSY
breaking.
For the same reason, the D-term breaking needs the Fayet-Iliopoulos term, which
means that the gauge group of the theory should not be semisimple (i.e. it should
include at least one abelian U(1) subgroup).
The simplest example of D-term SUSY breaking involves two scalar fields Φ1
and Φ2 charged under U(1) with opposite charges ±e, with the Kähler potential and
superpotential given by
K = Φ̄1e2eVΦ1 + Φ̄2e−2eVΦ2 ,
W = m(Φ1Φ2 + Φ̄1Φ̄2) ,
(2.345)
corresponding to the potential
V = −1
2
D2 − |F1|2 − |F2|2 − eD(|φ1|2 − |φ2|2)−
ξD−m(F1φ2 + F2φ1 + F̄1φ̄2 + F̄2φ̄1)
(2.346)
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(in the FI term, we absorbed e, ξ1, and ξ2 into a single constant ξ for convenience).
The equations of motion
D = −ξ − e(|φ1|2 − |φ2|2) ,
F1 = −mφ̄2 , F2 = −mφ̄1
(2.347)
do not have a solution with D = F1 = F2 = 0 for nonzero ξ. After integrating out the











+ (m2 + eξ)|φ1|2 + (m2 − eξ)|φ2|2 . (2.348)
For m2 > eξ, all terms are positive, and the potential has a minimum at φ1 = φ2 = 0,
corresponding to D-breaking of SUSY. If, on the contrary, eξ is larger than m2, the term
in front of φ2 would be negative, and the minimum would be φ1 = 0, |φ2|2 = eξ−m
2
e2 ,
resulting in both D and F1 distinct from zero.
So far we have not discussed the option of explicit supersymmetry breaking.
For a theory like MSSM that includes scalar and spinor fields, one could introduce
SUSY-breaking mass and interaction terms for these fields (the so-called “soft“ terms):
Lbr = µψ̄ψ−miφ2i + gijφiφj + λijkφiφjφk . (2.349)
However, one can effectively describe this mechanism in terms of spontaneous SUSY
breaking by taking the coupling constants in the Kähler potential and superpotential
and promoting them to superfields (such fields are known as spurions). For instance,
it is possible to obtain the scalar mass term by modifying the Kähler potential:
K = ZΦ̄Φ , Z = 1 + θ2α + θ̄2ᾱ + θ2θ̄2ρ . (2.350)
This modification yields the following additional Lagrangian terms:
∆L = ρφ̄φ + ᾱFφ̄ + αF̄φ , (2.351)
which, upon integrating out F, produce the scalar mass term:
(ρ− |α|2)φ̄φ . (2.352)
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Performing the same operation on the superpotential couplings:
m
2
Φ2 , m2 → m2 + 2κθ2 ,
g
3
Φ3 , g→ g + 3σθ2 ,
(2.353)
we get
∆L = (κ −mα)φ2 + (κ̄ − m̄ᾱ)φ̄2 + (σ− gα)φ3 + (σ̄− ḡᾱ)φ̄3 . (2.354)
The spurion terms can appear within the so-called messenger paradigm: according to it,
supersymmetry breaking occurs spontaneously within some hidden sector of the
model, and is transferred to the visible sector via a mediator field which interacts
with particles from both sectors. A scenario of this kind would have the fields from
the visible sector interact with the hidden sector field X via effective higher-order







where M is the characteristic energy scale of the mediator. Now, if X acquires a
nonzero F-term:
X = X0 + θ2F , (2.356)
it would produce mass terms for the supermultiplet Φ of order m ∼ |F|/M. The





For M = MP (this scenario is known as gravity mediated SUSY breaking, since the
mediator is likely to be the gravitational field), if we expect the superpartners’ masses
to be around the electroweak scale (100-1000 GeV), the breaking would occur at
around 1010–1011 GeV. Another feasible scenario is gauge mediated SUSY breaking,
involving messengers charged under the gauge groups of the Standard Model. This
interaction can be parametrized in terms of the superpotential:
W = αXΦ̄Φ , (2.358)
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and the masses would be of order m ∼ α|F|/M, where α is the gauge coupling
constant. Again, assuming EW scale for m and taking α ∼ 10−2, one obtains
|F|
M
∼ 105GeV , (2.359)
and, given that the energy scale of the mediator cannot be smaller than the energy
scale of SUSY breaking (M2 ≥ |F|), one obtains the lower bound on this scale:
√
|F| ≥ 105GeV . (2.360)
The upper bound can be obtained from the consideration that the contribution from








Assuming that the difference is at least one-two orders, we obtain M ≤ 1015 − 1016
GeV, and, substituting this number into |F| ∼ (Mm/α), we see that the SUSY breaking
scale should be below 1010 GeV.
Up until this point, we have worked on flat Minkowski background, neglecting
gravitational effects. However, as we shall see, we would need to take them into
account if we want to promote SUSY to a local symmetry (this framework is known
as supergravity) [35]1. To be specific, let us consider the Wess–Zumino model
with m = g = 0. The Lagrangian (2.285) is invariant under the supersymmetry
transformation
φ→ φ + εχ , χ→ χ− iσµε̄∂µφ ,
φ∗ → φ∗ + ε̄χ̄ , χ̄→ χ̄ + iεσµ∂µφ∗
(2.362)









However, if the transformation parameter ε is not constant, the symmetry no longer
holds, and the transformed Lagrangian acquires a term of the form
δL = ∂µεαKµα + ∂µε̄α̇K̄µα̇ , (2.364)
1Some preliminary steps in that direction were made in [70].
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with
Kµα ∝ χα∂µφ∗ . (2.365)
To cancel this term, we would need to introduce a new gauge field Ψαµ that couples to
Kµα and transforms as
Ψαµ → Ψαµ − ∂µεα . (2.366)
Due to having both a Lorentz index and a spinor index, this field would have spin 32 .
However, this new term would also vary under the supersymmetry transformation:
namely, if we perform the SUSY transformation on χ, we obtain an additional term of
the form
gαµψασνε̄∂µφ∗∂νφ (2.367)












where Tµν is the stress–energy tensor of the scalar field.
To compensate for this term, we would need to introduce one more field with
two Lorentz indices (spin 2) that couples to the stress–energy tensor of matter and
transforms as ∝ ψµσνε̄, but this field is just the metric tensor. Therefore the spin- 32
field has to be the graviton’s superpartner, known as the gravitino. This extension of
N = 1 SUSY is known as minimal supergravity (mSUGRA) [71].









with the equation of motion
γµνρ∂νΨρ = mγµνΨν . (2.371)
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Now, if we act on both sides of the EOM with the derivative ∂µ, we obtain the condition
γµν∂µΨν = 0 (2.372)
(the left–hand side vanishes due to the antisymmetry of γµνρ). Then, we can multiply
both sides of the EOM by γµ to find
3mγνΨν = 2γνρΨρ = 0 , (2.373)
where we used (2.372). Finally, substituting the identities
γµνρ = γµγνρ − gµνγρ + gµργν (2.374)
and
γµν = γµγν − gµν (2.375)
into the Rarita–Schwinger equation and using the constraints (2.372) and (2.373), we
obtain
γν∂νΨµ + mΨµ = 0 , (2.376)
which is simply the Dirac equation. Therefore the Rarita-Schwinger equation is
equivalent to the Dirac equation plus the two constraints (2.372) and (2.373).
Supergravity can be more conveniently formulated in the so–called Cartan (or




where ηab is the flat Minkowski metric, and eaµ is an object known as the vielbein. In








dDx e ψ̄µγµνρDνψρ (2.378)
with e =
√−g and




(the supergravity action has no torsion term there, although the Γ’s acquire torsion).
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One can show that the action (2.378) is invariant under the SUSY transformations









provided the connection acquires a peculiar torsion term bilinear in the gravitino field.
We should also consider the possibility of a non–zero cosmological constant. The
commutator of two Lorentz transformation generators is given by
[MAB, MCD] = igBC MAD + igAD MBC − igAC MBD − igBD MAC , (2.381)
and, as we have seen in Chapter 2.3, the four–dimensional dS and AdS spacetimes
can be seen as embeddings within a five–dimensional spacetime with signature
(−,+,+,+,−) for AdS, and (−,+,+,+,+) for dS.
The Lorentz generators can be split into two groups: Mµν and Pµ = 1L Mµ5, with
the commutation relations
[Pµ, Pν] = ±
i
L2




with the plus sign for the AdS case, and minus for dS. For the theory to be supersym-












= 0 . (2.383)






γµνQ = 0 . (2.384)
This condition is satisfied only for the plus sign, i.e. AdS space. This means that in the
presence of a positive cosmological constant supersymmetry is always broken.
The gravitino mass term makes the gravitino effectively massless in AdS, consis-
tently with the fact that a gauge symmetry, local supersymmetry, is present.
Besides, in AdS space, it is possible to have a massless graviton accompanied by a
gravitino superpartner bearing a mass term. The reason is that the operator P2, which
is usually used to define mass, does not commute with Q, which means it does not
have the same value for all the states in a supermultiplet. However, it is possible to
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introduce another definition of mass, via the operator
− 1
2

















is the spin, and
L±i = −iM0i ±M5i (2.388)
are the raising and lowering operators. The operator MAB MAB commutes with Q,






= −2Hδij , (2.389)
we can rewrite it as
H(H − 3) + J2 − L+i L
−
i . (2.390)
For the ground state, it is given by
E(E− 3) + S(S + 1) , (2.391)
but since the mass is invariant, it has to be the same for the ground state and for the
excited states belonging to the same irreducible representation. For an excited state
with the energy E + 1 and spin s− 1, the mass would be given by
(E + 1)(E− 2) + S(S− 1)− < E + 1, S− 1|L+i L
−
i |E + 1, S− 1 > . (2.392)
This expression has to be exactly equal to (2.391), but since the last term is the square
norm of the state vector |L−i |E + 1, S− 1 > |2, it must be non–negative. Therefore, we
have to require
E ≥ S + 1 . (2.393)
When this bound is saturated, the value of the mass operator is 2(S2 − 1), so if we
want the states that saturate the bound to be massless and the operator to reduce to
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P2 in the Minkowski limit (L→ ∞), we can define the mass operator as





(S2 − 1) . (2.394)
For the ground states, it is given by
m2L2 = E(E− 3)− S(S− 1) + 2 , (2.395)








)2 + L2m2 . (2.396)
If the energy is real, the mass should satisfy the condition
m2 ≥ − 1
4L2
, (2.397)
the so–called Breitenlohner–Freedman bound. It implies the possibility of stable AdS
vacua even in the presence of tachyonic states.
As is the case with global SUSY, the matter sector of SUGRA is determined
by a Kähler potential and a superpotential, which however are not restricted by
renormalizability, since the gravity portion does not respect this condition. However,
the ordinary derivatives in (2.287) are replaced with covariant derivatives, and the










with the ”covariant Kähler derivative” Di given by




To preserve the invariance of the scalar potential under the transformation of the
Kähler potential (2.276), we would also have to transform the superpotential:
W → e−Λ/M2PW . (2.400)
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It is also possible to define a single gauge invariant combination of K and W:











gi j̄∂iG∂ j̄G− 3M4P
]
. (2.402)







When supersymmetry is broken, the gravitino field “eats“ the goldstino field and
acquires mass, which can explain why the massless goldstino has not been observed.
In the scenario of F–term SUSY breaking, when the D–terms are negligible, the mass







The theory described above is known as matter–coupled N = 1 supergravity.
However, just like global SUSY theories, SUGRA can have a larger number of super-
symmetries, although these extensions are not chiral. In 4 dimensions, the largest
possible number of supersymmetries is 8 (for N > 8, the theory would contain
higher–spin states with spins larger than 2, whose long–range interactions have
long been fraught with difficulties), with a field content of 8 gravitini, 28 vectors,
56 fermions with spin 12 , and 70 scalars [73]. The maximum number of spacetime
dimensions that SUGRA can live in without containing higher–spin states is 11 [74].
This model contains only one supermultiplet, namely the graviton gMN , the gravitino
ψaM, and the 3–form AMNP. Cremmer and Julia first obtained the N = 8 theory as
a low-energy limit of the 11–dimensional SUGRA if seven spatial dimensions are
compactified on a torus of small size.
2.5 String Theory
The N = 8 supergravity, which is believed to be the least divergent of all supergravity
theories [75], share with Einstein gravity the presence of a dimensional parameter, the
Planck mass, which determines the strength of its interactions. The most sophisticated
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symmetry arguments that are currently available cannot exclude that ultraviolet
divergences show up at seven loops [76, 77], and the current view, following the
original proposals of Scherk and Schwarz and Yoneya of the 1970’s [36, 37], it to regard
supergravity models as low–energy limits of a different, far more intricate, theory,
known as String Theory, or, more precisely as we shall see shortly, M–theory [38].
String Theory emerged, in a different context, in 1968, when Gabriele Veneziano
discovered a peculiar 2→ 2 scattering amplitude, initially associated to scalar mesons
and given by the formula
A =
Γ (−1− α′s) Γ (−1− α′t)
Γ (−2− α′(s + t)) , (2.405)
subsequently known as the Veneziano amplitude, where
s = −(p1 + p2)2 , t = −(p1 − p3)2 (2.406)
are the Mandelstam variables, and α′ is a parameter with the dimension of length
squared [78].
It was soon recognized that the consistency of the theory demands that the poles
of this expression are
α′s = n− 1 , (2.407)
with n = 0, 1, 2, ..., corresponding to an infinite tower of states (α′ is known as the
Regge slope). Notice that lowest-mass state of this tower is a tachyon, which signals
an instability of the vacuum! However, at large s and t we also have the asymptotic
|A| ∝ |t|α′s+1; given that t is proportional to sin2 θ, this means that the corresponding
tree–level diagram includes virtual particles with spin J = n that is arbitrarily high.
Since s = M2 in the rest frame, one can thus see signs of the relation M2 ∝ J, which is
the natural property of a rotating relativistic string. Therefore, modeling hadrons
as vibrating string-like objects, the parameter
√
α′ = ls was initially associated to
the characteristic length scale of hadronic physics, of the order of nuclear sizes. The
reinterpretation of the mid 1970’s raised it considerably, bringing it typically close to
the Planck scale.
We know that the action of a relativistic point–like particle is, up to a normalization
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where τ is the proper time. Likewise, the trajectory of a string would be a two–
dimensional surface known as the worldsheet, so the natural generalization of (2.408)
is an integral over the surface of the worldsheet:










This expression is known as the Nambu–Goto action (the second variable σ charac-
terizes the spatial configuration of the string). One can show that the Nambu–Goto
action is equivalent to the simpler Polyakov action





−g gαβηµν∂αXµ∂βXν , (2.410)
where we have introduced an auxiliary worldsheet metric gαβ.
The theory described by this action is just a conformal field theory of a D–
component scalar multiplet in a 2–dimensional spacetime, and therefore it can be
canonically quantized. By properly choosing the gauge, it is possible to reduce the
worldsheet metric to two–dimensional Minkowski metric, up to a conformal factor
that does not contribute to the action, and the equation of motion is then the familiar
wave equation
∂α∂αXµ = 0 , (2.411)
with the generic solution
X(τ, σ) = X+(τ + σ) + X−(τ − σ) . (2.412)
It admits two types of solutions, namely closed strings, with σ going from 0 to 2π and
the boundary condition
Xµ(τ, σ + 2π) = Xµ(τ, σ) , (2.413)





= 0 , (2.414)
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= cµ , (2.415)
known as the Dirichlet boundary condition. The Dirichlet boundary condition
implies that the string’s ends are fixed on some higher–dimensional object; such
objects are known as D–branes [79]. Unlike open strings, the states of closed strings
are constrained by the so–called level matching condition, according to which the
quantum states should have an equal number of left–moving and right–moving
modes.
However, upon quantization the open–string sector yields a massless spin-1
field, and the closed–string sector yields a massless spin-2 field, corresponding to
long–range forces. This picture is strictly at odds with hadronic physics, but makes
perfect sense in the context of particle physics and quantum gravity: the spin-1 state
can be identified with the photon (and its non–abelian counterparts with Yang–Mills
fields), and the spin-2 state with the graviton. This makes String Theory a candidate
theory for quantum gravity, and one can easily argue that the replacement of point-like
particles with strings can resolve the problem of UV divergences. Namely, as we have







which means that it becomes larger than 1 at energies around the Planck scale. But for










Finally, using the Heisenberg uncertainty principle, we can replace ∆x with E−1, which
means that near the Planck scale, αG tends to a constant value of order (MPls)−2.
Nonetheless, the theory described by the Polyakov action can only be consistently
quantized in 26–dimensional spacetime. In addition, it contains a source of instability
in the form of a tachyonic state with negative mass, but does not contain fermions
because one can only obtain bosonic states from products of Xµ. The solution is to
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introduce worldsheet fermions:










making the theory supersymmetric (ρα are two–dimensional Dirac matrices). A theory
described by this action requires 10 spacetime dimensions for consistent quantization.
For the closed string in ten–dimensional spacetime, the physical observables
(which are bilinears of fermions) should be periodic under σ→ σ + 2π, which means
that the fermions themselves have to be either periodic:
ψ(τ, σ + 2π) = ψ(τ, σ) , (2.419)
i.e. the so–called Ramond (R) fermions, or antiperiodic:
ψ(τ, σ + 2π) = −ψ(τ, σ) , (2.420)
i.e. the so–called Neveu–Schwarz (NS) fermions. Together with the level matching
condition, it gives us four types of states: NS-NS, NS-R, R-NS, and R-R. The NS
worldsheet fermions are spacetime bosons, while the R fermions are also fermionic in
regards to spacetime. Since the Ramond vacuum state is fermionic, we actually have
two vacua |L > and |R > with opposite chiralities. It should also be noted that the
massless state in the R sector corresponds to the vacuum (i.e. it carries one spacetime
spinor index and no Lorentz indices), but in the NS sector, it corresponds to the first
excited state (i.e. it carries one Lorentz index and no spinor indices), while the NS
vacuum is tachyonic.
The tachyon can be eliminated, while also ensuring other consistency conditions in
the form of modular invariance (when closed strings only are present) and the absence
of gauge and gravitational anomalies, via a procedure known as the Gliozzi–Scherk–
Olive (GSO) projection [80]. One possible choice of the GSO projection removes
the ground NS state and leaves only one Ramond vacuum for both right-moving
and left-moving fermions. Choosing |L > for the left–movers and |R > for the
right–movers yields the sectors |NS > ⊗|NS >, |L > ⊗|NS >, |NS > ⊗|R >, and
|L > ⊗|R >: this theory is known as type IIA String Theory. At the massless level,
the NS− NS states bear two Lorentz indices, and consequently can be decomposed
into the modes of a symmetric tensor gµν (graviton), of an antisymmetric tensor Bµν
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(Kalb–Ramond field), and of a scalar trace φ (dilaton). The L− NS state bears one
Lorentz index and one spinor index, and therefore can be decomposed into the modes
of a spin 32 -field Ψ
a




dilatino). The NS− R sector yields the opposite–chirality states of a right-handed
gravitino and of a left-handed dilatino. Finally, the RR states correspond to a 1-form
Aµ and an antisymmetric 3-form Aµνρ. The forms Bµν and Aµνρ are generalizations of
Maxwell’s electromagnetic potential. While Maxwell’s potential, which bears one
Lorentz index, is produced by pointlike electric sources (zero–dimensional particles),
a 2–form like the Kalb–Ramond field is associated with string-like electric sources
(one–dimensional objects), and in general, a (p+1)–form indicates the presence of
p–dimensional electric sources, known as p–branes. The analogue of electric-magnetic
duality for branes implies that p–branes have (D-p-4)–dimensional magnetic duals,
corresponding to (D-p-3)–dimensional forms.
Likewise, choosing the same Ramond vacuum for both left–movers and right–
movers yields the type IIB String Theory with the sectors |NS > ⊗|NS >, |R >
⊗|NS >, |NS > ⊗|R >, and |R > ⊗|R >. The first two sectors give us the same field
content as in the type IIA case, namely the bosons gµν, Bµν, φ, and the fermions Ψaµ
and λa. However, the NS− R sector yields copies of the gravitino and the dilatino
with the same chirality (Ψ′aµ and λ′a), and the R− R sector produces a scalar (0-form)
A, a 2–form Aµν, and a self–dual 4-form Aµνρσ. Therefore, unlike type IIA, the type
IIB theory is chiral. The low–energy limits of these two types of String Theory are
known as type IIA and IIB supergravity.
Type IIA and type IIB string theories are linked via a symmetry known as the
T–duality [81, 82]. Namely, if a string is compactified on a circle of radius R, its
momentum would be quantized (p = nR ), and there would be an additional quantum
number determining the contributions to the masses of the states due to the winding
of the string around the circle. If the string is wrapped around the circle m times, its








One can easily see that this spectrum is equivalent to the one that would result from a
string wrapped n times around a circle of radius α
′
R , and with corresponding momenta.
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However, the expression for the bosonic string coordinate reads:
X(τ, σ) = x + 2α′
n
R
τ + 2mRσ + ... , (2.422)
or, equivalently,
X(τ, σ) = x + (α′
n
R
+ mR)(τ + σ) + (n
α′
R
−mR)(τ − σ) + ... . (2.423)
The T–duality transformation changes the sign of the third term, which corresponds to
the right–moving mode, and therefore flips the sign of the right-moving portion of X.
Due to supersymmetry, this would also affect the chirality of fermions, interchanging
the |R > and |R̄ > vacuum states in the right–moving sector, so that the type IIA
theory would become type IIB and vice versa.
Nonetheless, the type IIA/B theories are not the only option, as we can also
combine the left–moving superstring modes and right–moving bosonic string modes
or vice versa (these models are known as heterotic string theories) [83]. Since super-
strings live in 10 dimensions and bosonic strings only exist in 26 dimensions, the extra
16 dimensions can be compactified on special tori that grant modular invariance.
This crucial property of string amplitudes grants, for example, that the one-loop
diagram for closed strings, does not depend on a special choice of time on it, precisely
as suggested by the shape of this surface. To this end, or equivalently in order to
cancel the Lorentz and Yang–Mills chiral anomalies, the lattice defining the special
tori has to be related to the weight lattices of SO(32) or E8⊗ E8. The compactified
bosonic coordinates can be equivalently presented as 32 fermions ξ A. Both heterotic
theories contain the graviton, the Kalb–Ramond field, the dilaton, the gravitino and
the dilatino (the supergravity sector), together with the Yang–Mills vector fields in
the adjoint representation of SO(32) or E8⊗ E8 and their spinor superpartners (the
super-Yang-Mills sector). One can show that the two internal tori (and therefore the
two heterotic theories) are also linked by T–duality, after one space-time dimension is
compactified on a circle.
Finally, there is the type I String Theory. It can be derived [84] acting on the type




(1 + Ω) , (2.424)
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where Ω reverses the orientation of the string: σ→ −σ (this is known as the orientifold
projection). This projection eliminates the Kalb–Ramond field, the antisymmetric
combinations of the two gravitinos and dilatinos, the scalar A, and the 4–form Aµνρσ;
as a result, we are left with the graviton, the dilaton, one gravitino, one dilatino,
and the 2–form Aµν. However, this theory is anomalous, but one can also include
open strings. Open strings correspond to super–Yang–Mills states, and in our case,
choosing the SO(32) gauge group cancels all anomalies. In the spacetime picture,
in which the gauge forms live on special p-branes called D-branes, the orientifold
projection is ascribed to the so–called orientifold plane O− that carries -16 units of
brane charge and brane energy density, and requires 16 D9–branes to cancel it, leading
to the emergence of the SO(32) group [79]. This theory has the same low–energy field
content as the heterotic SO(32) theory, and its effective action can be mapped to the
one of the heterotic theory via a duality known as the S–duality [85]. Namely, the



















where F is the field strength of the two–form Aµν. On the other hand, the effective















Making in these expressions the replacement Gµν → eφGµν one can see that they
are mapped into one another substituting φ for −φ, which indicates a weak-strong
coupling duality link between them, since eφ is the string coupling.
Finally, starting from the 11–dimensional SUGRA and compactifying it on a
circle, one obtain the ten–dimensional fields gµν, Aµνρ and Ψaµ, as well as the vector
Aµ = gµ,11, the scalar φ = g11,11, the antisymmetric 2-form Bµν = Aµν,11, and the
spinor λa = Ψa11, i.e. the field content of type IIA supergravity [86]. Likewise,
compactifying it on an interval, one can obtain the massless modes of the heterotic
E8⊗ E8 String Theory, with two E8 groups corresponding to the two ends of the
interval [87, 88]. This indicates that in both cases string coupling opens up an
additional space–time dimension.
Drawing upon these links, Edward Witten conjectured in 1995 that all of the
aforementioned theories (type I strings, type IIA/B strings, two heterotic string
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theories, and 11–dimensional SUGRA) are various limits of a single 11–dimensional
framework known as the M–theory (fig. 2.2) [39]. Remarkably, M–theory is not a
theory of strings, as it does not include the antisymmetric 2–form; instead, it is believed
to contain higher–dimensional branes that effectively produce strings in 10 dimensions
via a compactification on a circle. Nonetheless, the exact formulation of M–theory
remains a major conundrum in String Theory, as does establishing quantitative
links with the Standard Model: to obtain the four–dimensional (supersymmetric)
SM from ten–dimensional strings one can to compactify six extra dimensions on a
Ricci–flat manifold known as the Calabi–Yau manifold. The properties of the resulting
four–dimensional fields depend on the type of compactification and of the Calabi–Yau
itself (these characteristics are called moduli), and in total, String Theory is believed to
yield around 10500 four–dimensional vacua. This is known as the landscape problem;
however, it is not unique to String Theory, and emerges due to the fact that general
relativity lacks a global energy minimum principle. As a result, one has no clear
criteria for preferring one spacetime configuration over another.
The key issue in String Theory today is the breaking of supersymmetry, which is
only partly realized via compactification on Calabi–Yau manifolds, since they reduce
SUSY to N = 1. Breaking SUSY completely impinges on vacuum stability in ways
that are currently not under control.
There are different scenarios to break supersymmetry in String Theory, and a
particularly enticing one, called brane supersymmetry breaking, rests on a variant
of the type I String Theory. This involves the O+ orientifold plane, with positive
charge and energy density. To cancel the charge, one needs 16 D9–antibranes, and this
setting gives rise to the USp(32) gauge group, but both branes and antibranes have
positive energy density, so that the energy density is not cancelled as in the type-I
superstring. This simplest manifestation of brane supersymmetry breaking is known
as the Sugimoto model [89]. This produces an energy level shift between the bosonic
and fermionic states, leading to supersymmetry breaking, with also a specific term in
the Einstein-frame dilaton potential:
V = V0eγ φ , (2.427)
with γ = 32 . We shall discuss its potential role in Cosmology in the next chapter.
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F I G U R E 2 . 2 : The dualities between different string theories (and
11–dimensional supergravity), all of which are believed to be various
low–energy limits of the underlying M–theory.
2.6 Inflation
Yet another possible extension of the Standard Model is motivated by a number of
problems from the cosmology of the early Universe. The first of them is the flatness
problem: according to the recent results of the Planck collaboration, the contribution
of the curvature of the Universe to its critical density, given by Ωk in (2.188), should




, and the scale factor as T−1, we can estimate that the curvature at







< 10−60 , (2.428)
which requires an extreme amount of fine–tuning.
The second issue is known as the horizon problem: at present, the size of the
observable Universe is ∼ 1062 lP. Near the Planck time, it was (T0/MP) ∗ 1062
lP ∼ 1030 lP, which means that at that time, the Universe consisted of around 1090
casually separated regions, and there is no obvious reason why it ought to appear
highly homogeneous from cosmological observations, as it does.
Finally, there ought to be a mechanism for the formation of primordial inhomo-
geneities that give rise to cosmological structures. One way to resolve all these issues
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is be to assume that soon after the Planck epoch, the Universe underwent a period of
exponential expansion, with a ∝ eHt (this period is known as inflation) [5]. Assuming
that the expansion continued for a sufficiently long period τ, a single region of size lP




dt e−Ht ≈ H−1eHτ , (2.429)
which, for an appropriate choice of parameters, can be larger than the size of the
observable Universe. Likewise, since the curvature depends on the scale factor as a−2,
during the inflationary period it would be diluted by a factor ∝ e−2Hτ, which resolves
the flatness problem.






minimally coupled to Einstein gravity. If the field VEV were spatially homogeneous,




φ̇2 + V(φ) , p =
1
2
φ̇2 −V(φ) , (2.431)













 V(φ) , (2.433)
one thus obtains a near-constant value of H and pρ = −1, corresponding to a(t) ∝ εHt.
The time evolution equation of φ in the FRW metric would be:
φ̈ + 3Hφ̇ + V ′(φ) = 0 . (2.434)
To prolong the period of inflation, we can also impose a “slow–roll“ condition:
|φ̈|  3H|φ̇| . (2.435)
In an analogy to classical mechanics, when the slow-roll condition is satisfied, it means
that the “force“ created by the potential is compensated by the “friction“, and the field
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does not “accelerate“. Therefore, combining eqs. (2.432) and (2.434) and using the








Therefore, one can reformulate the conditions (2.433) and (2.435) as





































This model is known as “large-field inflation“, since we need values of φ above the
Planck scale to satisfy the condition. Alternatively, one could consider “small-field










In this case, the value of φ should be smaller than M2/MP.
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As we have seen before, these types of modes are dual to gravity coupled to a scalar







3 κφ)2 , (2.445)
which combines a flat region where inflation would take place and a dip where it
would end eventually.
Let us address the mechanism of structure formation during inflation, which has
to do with the perturbations of the inflaton:
φ(t) → φ(t) + δφ(t,~r) , (2.446)
and of the metric tensor [6]. The metric perturbations can be divided into three classes
depending on how they transform under the Lorentz group: the scalar, the vector, and
the tensor ones. The scalar perturbations have the form
(δgµν)S = a2(τ)
−2Φ ∂iB
∂iB 2Ψδij + 2
(




while the vector ones are
(δgµν)V = a2(τ)
 0 Si
Si ∂iFj + ∂jFi
 . (2.448)












such that the unperturbed metric is
ds2 = a2(τ)(−dτ2 + d~r2) . (2.451)
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At linear order, these perturbations propagate independently from each other. Due to
the gauge transformations of the metric, outlined in Section 2.3, one can eliminate some
of these degrees of freedom. Namely, if we shift the coordinates by the four–vector:
δτ = ξ(xµ) , δxi = ∂iβ(xµ) + vi(xµ) , (2.452)
where ∂ivi = 0, the inflaton perturbation would transform as:
δφ(τ,~r)→ δφ(τ,~r) − ξφ′(τ) , (2.453)
and the scalar metric perturbations as




B → B + ξ + β′ ,






E → E− β .
(2.454)
By choosing β = E, ξ = −E′ − B, we can remove B and E, so that we would be left
with only two degrees of freedom, Φ and Ψ:
a2(τ)
(
−(1 + 2Φ)dτ2 + (1 + 2Ψ)d~r2
)
. (2.455)
The non–zero Christoffel symbols would be:
Γ000 = H+ Φ′ , Γ0ii = H (1 + 2(Ψ−Φ)) + Ψ′ , Γii0 = H+ Ψ′ ,
Γi00 = Γ
0
i0 = ∂iΦ , Γ
k
ij = ∂iΨδjk + ∂jΨδik − ∂kΨδij ,
(2.456)
and the Ricci tensor components:
R00 = 4Φ− 3H′ − 3Ψ′′ + 3H(Φ′ −Ψ′) ,
Rij = −∂i∂j(Φ + Ψ) +
(
2H2 +H′ + Ψ′′ −4Ψ+
2(H′ + 2H2)(Ψ−Φ) +H(5Ψ′ −Φ′)
)
δij ,
Ri0 = 2∂i(HΦ−Ψ′) .
(2.457)
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The stress–energy tensor of inflaton is




αφ + V(φ)) . (2.458)
Assuming localized field perturbations on uniform background:
φ = φ̄(τ) + δφ(τ, r) , (2.459)
we get Tij = 0 for i 6= j. As a result, the ij-components of Einstein equations with
i 6= j are simply
∂i∂j(Φ + Ψ) = 0 , (2.460)
which is equivalent to Ψ = −Φ due to the boundary condition Φ|r→∞ = Ψ|r→∞ = 0.





6(H2 +H′) + 24Φ− 6Φ′′ − 24HΦ′ − 12(H′ +H2)Φ
)
. (2.461)






















and equations for the perturbations are given by
4Φ− 3HΦ′ = 4πG
(
φ̄′δφ′ + a2δφV ′(φ̄) + 2Φa2V(φ̄)
)
,
Φ′′ + 3HΦ′ + 2Φ(H2 + 2H′) =
4πG
(









The Klein–Gordon equation is
φ̄′′ + 2Hφ̄′ + a2V ′ = 0 (2.464)
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for background, and
δφ′′ + 2Hδφ′ −4δφ− 4Φ′φ̄′ + 2a2ΦV ′ + a2V ′′δφ = 0 , (2.465)
for the perturbations.
Then, we can take the second Einstein equation for perturbations and substitute the
definitions of V(φ) and Φ from the background Einstein equations and the definition


















′2, based on background Einstein equations, we find










































































which is basically a scalar field with a mass that changes in time.
In perfect de Sitter space, a = −(Hτ)−1, and ˙̄φ = 0; however, in a quasi–de–Sitter
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uk = 0 . (2.474)
For perturbations beyond the Hubble scale (k aH), we can neglect the last term




= u′ , (2.475)












However, as the perturbations stretch out beyond the horizon, the last term starts to
dominate over k2, and the field condenses, acquiring a VEV corresponding to the
classical solution of the equation.

















and therefore, to obtain correct asymptotics, we have to set α = 1√
2k
, β = 0.
More generically, if we take into account the higher–order corrections from slow–
roll parameters, the coefficient in (2.473) would be different from 2, and the equation







uk = 0 (2.479)
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without loss of generality (the standard de Sitter case corresponds to ν = 32 ). The





αH(1)ν (−kτ) + βH(2)ν (−kτ)
)
, (2.480)
where H(1)ν and H
(2)
ν are Hankel functions of the first and second kind (for power–law








































, β = 0 . (2.482)
Then, we use the asymptotic form of H1ν at −kτ  1:







to obtain the result














Knowing the value of u, we can easily compute the so-called comoving curvature
perturbationR:
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We can define the so–called spectral index ns:
ns = 4− 2ν . (2.488)
The case of ns = 1 (equivalent to ν = 32 ) corresponds to the idealized de Sitter model,
and small deviations from 1 can be measured to test competing inflation models.
According to the recent Planck data, the value of ns is 0.965± 0.004 [20], which is
significantly different from 1.
Finally, we have to repeat the same procedure for the tensor perturbations. For this
purpose, we can use the expression (2.216) at first (quadratic) order, and decompose
it into two polarizations, which basically gives us an action for two massless scalar
fields:


































, where, once again, µ depends on the slow–roll parameters, and
in the idealized case we have µ = 32 . Retracing the same steps as for the scalar












with the additional factor of 2 due to the presence of two fields. We can also introduce
the tensorial spectral index:
nT = 3− 2µ . (2.493)




= 16ε . (2.494)
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The observations of the Planck collaboration constrain the value of r to be smaller
than 0.06 [20].
In scenarios motivated by String Theory, the inflaton is a combination of the
dilaton field and a ubiquitous modulus of the Calabi-Yau manifold, known as the
breathing mode. In the aforementioned scenario of brane SUSY breaking, and in fact in
all three tachyon-free ten-dimensional strings with broken supersymmetry [60, 61, 89],
the dilaton potential would have a term of the form (2.427), with a “critical” value
of the exponent (in the two types of orientifolds) and a hyper-critical one (in the
SO(16)× SO(16) string) that make an early climbing phase inevitable, at least within
the low-energy theory. On the other hand, for γ ≤ 32 the field could exhibit both
descending and climbing behaviors, which makes a climbing phase a telltale sign of
SUSY breaking in String Theory.
In this fashion, String Theory and SUSY breaking can provide a possible clue for
the onset of inflation, although not for the actual inflationary phase. The scalar, after
the early climbing, would collect some energy driving it to descend the potential,
and if this were corrected by terms capable of bringing it to slow-roll climbing the
subsequent steps would lead naturally to the onset of inflation. For example, the
simplest resulting scenarios would approach the Lucchin-Matarrese attractor [62],
thus leading to power-like inflation. A simple, albeit not realistic, analytic scenario to





Interestingly, an early climbing phase could have left some tangible signs in the
sky. With a sufficiently short inflationary period (say 50-60 e-folds or so), an early
fast-roll period would induce a natural damping of scalar (and tensor) perturbations
for low values of ` [40], so that signs of this early phase might be accessible in the sky.
The damping effect appears consistent with Planck data [20], where a sizable lack of
power has long been noted in the quadrupole, and the effect improves if one masks
the region around the galactic plane a bit further than is usually done, and especially
so for even multipoles. In the best possible scenario, this behavior could signal some
incomplete cleaning of the available data in that region, and the new generation of




1 O B S E R VAT I O N A L E V I D E N C E F O R D A R K M AT T E R
The discovery of dark matter (DM) dates to the 1930s, when the Swiss-American
astronomer Fritz Zwicky estimated the velocity dispersion of the Coma Cluster and
found the theoretical values to be much smaller than what was actually observed; in
order to match the observations, the gravitating mass of the cluster would have to be
considerably larger than the luminous mass [9, 10]. The work of Zwicky was followed
by a paper of Sinclair Smith, who estimated the total mass of the Virgo cluster from
the velocities of the galaxies rotating around it, assuming that their rotation be circular





On the other hand, the gravitational acceleration created by the cluster at large
















Alternatively, this result may be derived from the virial theorem for the Coulomb
potential. The cluster mass estimated according to (3.3) turned out to be about two
orders of magnitude larger than the average nebula mass.
However, the first systematic evidence of the existence of the non-luminous matter
was provided only in the 1970s by Vera Rubin, Kenneth Ford, and Norbert Thonnard,
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F I G U R E 3 . 1 : The rotation curve of the galaxy M33: dashed - rotation
curve inferred from the galaxy’s baryonic profile, solid - observed
rotation curve
who studied the rotation curves of the galaxies, i.e. the rotation velocities of galactic
objects versus the distance of these objects from the center of the galaxy [12, 13]. At
radii that are large enough to enclose almost all baryonic matter in the galaxy, the
rotation curves should be given by 3.4; however, instead of decreasing, they reach an
almost constant value (they ‘flatten“). While they are not exactly flat, they decrease
much slower than predicted by 3.4, and in certain cases like the M33 galaxy, they
can even increase (fig. 3.1). This would imply either a dark halo consisting of a yet
unknown type of matter surrounding the baryonic disk or a modification of the laws
of gravity at large distances and/or small accelerations. Although Rubin herself
favored the second solution, over the next few decades it became clear that dark
matter is necessary to explain a multitude of observational phenomena. First of all,
dark matter is essential for primordial structure formation: in the early Universe
before recombination, baryonic matter interacts with radiation, which inhibits the
growth of baryonic perturbations, and therefore the “skeleton“ of the Universe has
to consist of DM. Second, the matter content of the Universe can be deduced from
the acoustic peaks in the CMB spectrum; the ratio of the second peak’s amplitude
to the first defines the percentage of baryonic matter (i.e. matter which has both
self-gravitation and pressure), while the third peak determines the fraction of dark
matter (i.e. matter which has self-gravitation but no pressure); according to Planck
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F I G U R E 3 . 2 : Lensing–derived matter distribution map in the Abell
2744 cluster (sharp peaks correspond to baryonic matter, the flat back-
ground corresponds to dark matter)
data, the former constitutes about 5% of the critical density of the Universe, and
the latter is around 27% [20]. Third, gravitational lensing indicates the presence of
dark matter halos around baryonic matter, and even allows to create “maps“ of dark
matter distributions [14, 15] (fig. 3.2). Besides, when galaxy clusters collide, like the
Bullet Cluster and the Abell 520, dark matter is clearly separated from the baryons:
clumps of baryonic hot gas from the two clusters interact with each other, which
slows their relative motion, while the DM halos pass through each other without
interaction [16, 17]. Finally, there is hot gas in clusters which would have evaporated
without the gravitational wells created by dark matter [18], and the so-called Kaiser
effect. The latter refers to the distortion of the redshifts of the galaxies due to their
peculiar motion: using this distortion, it is possible to calculate the rotation velocities
and thus the depth of the gravitational wells; calculations show that the total matter
density is about 30% of the critical density, in accordance with the ΛCDM model and
with CMB [19].
If dark matter were a particle, it would be logical to assume that it was in thermal
equilibrium with the Standard Model particles since reheating, and decoupled at some
point after that. Based on this assumption, we can divide it into three types: hot, warm
and cold, depending on its mass and temperature. If its temperature is smaller than its
mass during the decoupling (i.e. it is non–relativistic), it is known as cold dark matter
(CDM). If the temperature is larger than the mass during both the decoupling and the
radiation-matter transition (i.e. it remains relativistic during the radiation-dominated
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F I G U R E 3 . 3 : From left to right: structure formation with hot, warm,
cold dark matter
epoch), it is hot dark matter (HDM). Finally, there is the intermediate case, known as
warm dark matter (WDM), when the decoupling temperature is larger than the mass,
but the matter-radiation transition temperature is smaller than the mass.
2 D I S C R E PA N C I E S W I T H I N T H E C O L D D A R K M AT T E R M O D E L
The cold dark matter (CDM) model describes physics at intergalactic scales (i.e. large-
scale structure) with high precision; however, it has a few discrepancies at smaller
(galactic) scales. These discrepancies may have purely astrophysical explanations, but
they have also been interpreted as possible indications of some unknown properties
of dark matter.
The first one of these discrepancies is the problem of “missing satellites“: CDM-
based computer simulations predict that large galaxies like the Milky Way should
have far more satellite dwarf galaxies than the astronomers actually observe [41]. It
may be possible to resolve this problem by stating that we simply do not observe the
extra satellite galaxies because they lack visible stars, but this would lead to another
issue, known as “too big to fail“. The essence of “too big to fail“ is that some of the
observed satellite galaxies are too massive not to have visible stars.
Simulations suggest that the problem could be resolved by baryonic feedback: if
one includes baryonic matter, gravitational and tidal forces from the baryonic disk of
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F I G U R E 3 . 4 : Left panel: cored Burkert density profile (dashed line),
and cusped NFW density profile (solid line). Right panel: a typical
galaxy rotation curve, where the black dots are data points, the green
dotted curve illustrates the baryonic disk, the blue curve is a data fit
with Burkert and baryons, while the red curve is a data fit with NFW
and baryons.
the main galaxy would destroy small satellite galaxies [92, 93, 94].
The second problem with CDM is the core-cusp issue: in simulated galaxies, the









with the density becoming infinite at the center (the “cusp“), while fits of observed
rotation curves favor profiles with a “core“, i.e. an almost constant density profile at
the center. These profiles are better approximated by the Burkert anzatz [96]:
ρB =
ρ0





As is the case with “missing satellites“, astrophysical observations seemingly favor a
solution based on baryonic feedback. According to those observations, dwarf galaxies
with intensive star formation processes in the center appear to have shallow cores
(corresponding to the thermalization of dark matter), while those with a lower star
formation rate have more “cuspy“ profiles. This can be explained by the fact that
intensive star formation leads to an outflow of baryonic matter from the center; as a
result, the gravitational wells become shallower, resulting in dark matter depletion [97,
98].
Another phenomenon unexplained within the CDM model is the Tully-Fisher
relation, according to which the integrated luminosity of a galaxy, proportional to its
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F I G U R E 3 . 5 : The Tully-Fisher relation: circles - data (dark-blue -
star-dominated galaxies, light-blue - gas-dominated galaxies), dotted
line - v4 fit (empirical), dashed line - v3 fit (theoretical)
baryonic mass, is also proportional to the fourth power of its asymptotic rotational
velocity (the velocity at the far end of the rotation curve) [99]:
Mb ∝ L ∝ v4a . (3.7)
Using the standard formula for the centripetal acceleration, we can see that the total
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Thus the expression (3.7) can be rewritten in the following form, known as the radial















The standard collapse theory would predict a cubic power, and moreover, the asymp-
totic velocity depends almost exclusively on the physics of the dark halo, so that the
correlation with baryonic matter would be expected to be weak over there, which
should result in a much larger dispersion. Cosmological simulations suggest that
the Tully-Fisher relation may also emerge from baryonic, in particularly supernova,
feedback [100, 101]; besides, studies of rotation curves of dwarf disk spirals (DDS)
and low surface brightness galaxies (LSBs) indicate that the Tully-Fisher relation is
a limiting case of a more general phenomenological formula, the so-called GGBX
relationship [102].
The reason for the correspondence between a0 and H0 remains unclear, however,
since the former is defined by galaxy-scale dynamics, and the latter emerges at much
larger (cosmological) scales.
There is also the possibility to address all three of these issues postulating new dark
matter properties: namely, for the “missing satellites“ one would need a mechanism
to suppress the high wavenumbers in the primordial perturbation power spectrum,
for the core-cusp one would need a small-scale repulsive force (for instance, DM
self-interaction or Heisenberg uncertainty pressure which can become significant for
very light particles), and for the Tully-Fisher and radial acceleration relation, it would
be necessary to either introduce a new interaction between baryonic matter and dark
matter or to replace dark matter with a modification of Newtonian laws. A number
of these approaches are reviewed in chapter 2; however, given the aforementioned
baryonic feedback effects, it remains unclear whether these models would be preferable
104 Chapter 3. Dark Matter
F I G U R E 3 . 6 : The universal rotation curve of 36 dwarf disk galaxies
in normalized units (the black stars correspond to the URC)
over CDM, or whether they would be tightly constrained.
Finally, there is the so-called universal rotation curve (URC). It has been demon-
strated that a number of rotation curves of galaxies within the same class (spirals,
dwarf disc galaxies) look almost the same in normalized units [43, 44, 45] (fig. 3.6): the
radius is normalized to the optical radius of the galaxy, and the velocity is normalized
to its value at Ropt:
Vopt = V(Ropt) . (3.12)
Since the optical radius is a parameter characterizing only the distribution of luminous
matter, the URCs, just like the Tully-Fisher, imply a tight correlation between baryonic
and dark matter distributions, and have also been interpreted as a possible sign of the
additional non-gravitational interaction between them [103].
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3 M O D E L S O F D A R K M AT T E R
3.1 Weakly interacting massive particles (WIMPs)
If the interactions between dark–matter particles and the Standard Model particles
were not solely due to gravity, all particles should have been in thermal equilibrium
in the Early Universe before decoupling. Dark matter manifests itself today in non–
relativistic regimes, so that its number density scales with the cube of the temperature.
One is thus led to express its value at the decoupling temperature either as a









or via the Maxwell-Boltzmann distribution, which applies to bosons and fermions in











Here gχ is the typical number of degrees of freedom per dark matter particle, and




















so that x ∼ 25− 30 for mχ in the range 100 GeV–10 TeV.
Decoupling occurred when the interaction rate
Γ = < σv > n(Td) (3.18)
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< σv > =
T3x
M̄PρcΩχ
∼ 3 ∗ 10−26cm3/s , (3.20)





This coincidence, known as the “WIMP miracle“, has motivated numerous experi-
ments aimed at the direct detection of WIMP scattering on targets.
The WIMPs should have an additional conserved quantum number to prevent
their decays into lighter Standard Model particles. In supersymmetric models, this is
the so-called R-parity, discussed in Section 2.4. Its value is +1 for ordinary particles
and -1 for the superpartners, which therefore cannot decay into each other, and
the lightest supersymmetric particle (LSP) would be stable. Within the minimal
supersymmetric Standard Model (MSSM), the most natural candidate for the LSP
is the lightest neutralino, a superposition of b–ino, w–ino, and two higgs–inos, the
superpartners of the B-boson, the W0-boson, and the Higgs boson,
χ = αB̃ + βW̃0 + γH̃01 + δH̃
0
2 . (3.22)
Other candidates include s-neutrinos (in extensions beyond the MSSM) and gravitinos




where ΛSSB is the scale of supersymmetry breaking. Likewise, in models with
compactified extra dimensions DM naturally arises from internal excitations, and
the conserved quantum number is the Kaluza-Klein parity (reflection symmetry in a
compactified dimension) which is +1 for SM particles and -1 for KK modes.
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F I G U R E 3 . 7 : Experimental constraints on WIMP parameters originat-
ing from null results, together with the location of the DAMA/LIBRA
signals.
Detection of WIMPs
Three possible ways of detecting WIMPs have been widely explored. The first
method is model independent: that is, to look for WIMP-nucleus coherent scattering,
with an expected signal that should display an annual modulation due to Earth’s
motion around the Sun through the galactic plane [46]. The other methods are
model dependent, and involve collider searches looking for signatures of specific
supersymmetric particles, or indirect searches looking for some possible excess of
cosmic particles originating from two–WIMP annihilations into SM particles. Notice
that only the last two options are viable for gravitinos, which can interact with nuclei
only via strongly suppressed higher-order diagrams. With a notable exception, the
experiments looking for the scattering of WIMPs on nuclei have provided no evidence
for it so far, and this negative result has been turned into stringent constraints on the
WIMPs’ mass and cross section (fig. 3.7). The notable exception is due to the Gran Sasso
DAMA/LIBRA collaboration, which has reported for about two decades by now a
signal with an annual modulation and the proper peak times, for which no other viable
explanation appears possible [104]. The superconductor-based CDMS-Si experiment
has also reported some events deviating from the background level [105, 106, 107], but
their significance remains unclear, since its more sensitive version SuperCDMS gave
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F I G U R E 3 . 8 : Cosmic positron excess measured by PAMELA, Fermi,
and AMS.
only negative results. Positive results reported by two other experiments, CoGeNT
and CRESST-II, have been explained by previously underestimated backgrounds [108].
The fact that the DAMA experiment was the only one to use a NaI(Tl) target, while
the other experiments employed either superconductors or liquid gases, leaves open
a couple of “loopholes“, related either to exotic composite “dark atoms“ that form
decaying bound states with sodium nuclei but not with those of Xe or He [109], or to
errors in low–energy quenching factor estimates for noble gases. The recent negative
results of the COSINE-100 experiment, which comes close to the DAMA set-up [110],
have raised the hope of closing the loophole, but the experiment does not have the
proper sensitivity. As an alternative, it was also suggested that the DAMA signal may
reflect seasonal variations of the helium in the underground environment penetrating
the photomultipliers rather than DM, an option potentially supported by the fact
that DM-Ice, another NaI(Tl)-based experiment located at the South Pole, detected
no seasonal variations so far [111]. Collider searches have also found no evidence
of supersymmetric particles so far around the electroweak scale or beyond, up to a
few TeVs. However, particles of this kind could also manifest themselves indirectly,
through two-WIMP annihilation into Standard Model particles. On the other hand,
the cosmic positron excess observed by the PAMELA, Fermi and AMS collaborations
(fig. 3.8) has been interpreted as possible evidence in favour of the DAMA scenario:
the “dark atom“ story, if correct, would also produce a signature of this sort [109].
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F I G U R E 3 . 9 : Constraints on the fraction of microscopic black holes
in dark matter. Left panel: fixed DM mass with two possible models of
e± propagation (A and B), considered with and without astrophysical
background; right panel: log-normal BH mass distribution (predicted
by inflationary models).
3.2 Primordial black holes (PBHs)
Primordial black holes (PBHs) are expected to have formed in the post-inflationary
Universe via the gravitational collapse of perturbations [28, 29]. Dark matter, if this
were its composition, could have only gravitational interactions, consistently with the
difficulties met with its direct detection, and accretion on primordial black holes would
also provide a rationale for the presence of supermassive black holes at the centres of
galaxies [112]. PBHs of different masses, from microscopic to astrophysical scales,
are detectable, in principle, by various means. These include surely gravitational
lensing, but also Hawking radiation for small enough ones. Moreover, PBHs could
have left some imprints in CMB anisotropies, in reionization observations (Square
Kilometre Array), and could play a role in gravitational wave emission from mergers
(fig. 1.3) [113]. Astrophysical–scale black holes with masses ≥ 0.01M have been
constrained by gravitational lensing observations to constitute no more than 40% of
dark matter [114], although this result has been called into question due to supernova
systematics [115]. Moreover, it was argued that in models with a considerable
fraction of stellar–mass PBHs, the remaining dark matter cannot consist of WIMPs,
because these black holes would tend to form WIMP cores around them, producing
gamma ray signals from annihilations that are not observed. And, conversely, in
models with WIMPs the fraction of dark matter associated to large PBHs should
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F I G U R E 3 . 1 0 : Constraint on the PBH fraction in dark matter from
various sources: microlensing of stars in the LMC (MACHO/EROS)
and in the giant arcs of cluster lenses (Icarus); microlensing of su-
pernovae (SN); millilensing of radio sources (RS); disruption of wide
binaries (WB), globular clusters (GC) and star clusters in Eridanus (Eri
II); disk—heating (DH) and disruption of the dwarf galaxy Segue 1 (Seg
1); dynamical friction drag of halo objects (DF) and galaxy disruption in
clusters (GD); accretion constraints from CMB anisotropy (PLANCK)
and X–ray binaries (XRB). Also shown is the range of masses of PBHs
formation from Gaussian primordial fluctuations that are excluded by
the µ–distortion constraints: the primordial fluctuations, from which
the PBHs are expected to form, would be damped by photons (the
Silk damping), which in turn would distort the Bose-Einstein photon
energy spectrum, giving them nonzero chemical potential [121]. The
large–scale structure is shown as a broken bold line.
be negligible [116]. Smaller, particle-scale BHs are constrained, in principle, by
Voyager-1 observations of electron or positron Hawking radiation (fig. 3.9). In general,
considerations of this type lead to the conclusion that BHs with masses ≤ 1016g
can make up not more than 0.1% of DM) [117]. However, these constraints may be
relaxed in models with extra dimensions, in which gravity behaves differently at
small scales, so that the evaporation rate is smaller. For instance, estimates based
on Hawking’s semi–classical analysis indicate that PBHs with masses ≤ 10−19M
should have completely evaporated by now, but they could have survived in models
with extra dimensions [118]. Moreover, non–evaporating tiny black holes could also
provide clues on the behavior of quantum gravity, as their behavior would deviate
sizeably from the semiclassical predictions [119]. Generally, the constraints leave three
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F I G U R E 3 . 1 1 : Constraints on the black hole fraction from vari-
ous observations (EG - extragalactic gamma rays, F- femtolensing of
gamma-ray bursts, WD - white dwarf explosions, NS - neutron star
capture, K - Kepler microlensing of stars, ML - MACHO/EROS/OGLE
microlensing of stars and quasar microlensing, E - star cluster survival
in Eridanus II, WB - wide-binary disruption, DF - dynamical friction on
halo objects, mLQ - millilensing of quasars, LSS - large-scale structure
generation through Poisson effects, WMAP, FIRAS - accretion effects).
They leave only three possible mass ranges for PBHs: the intermediate
mass range A (10− 103M), the sublunar mass range B (1020 − 1024
g), and the asteroid mass range C (1016 − 1017 g); the EG constraint
may be invalidated by quantum gravitational effects.
possible mass ranges for PBHs [120] (figs. 3.10 and 3.11):
1. the intermediate mass range A (10− 103M);
2. the sublunar mass range B (1020 − 1024 g);
3. the asteroidal mass range C (1016 − 1017 g),
and with quantum gravitational effects the range C can in principle go down to the
Planck scale. It has been suggested that the black holes detected by LIGO may in fact
be primordial, due to their low spin [115].
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3.3 Warm dark matter and sterile neutrinos
Warm dark matter (WDM) is a form of DM that is relativistic at decoupling and
becomes non-relativistic only around the radiation–matter transition. Simulations
show that WDM produces cored profiles [122], while its power spectrum is suppressed
at large wavenumbers (small scales).
WDM candidates include gravitinos, an option that we have already discussed in
the WIMP section, and sterile neutrinos motivated by the seesaw mechanism. Sterile
neutrinos are detectable by modifications of neutrino oscillation processes, and the
neutrino experiments LSND and MiniBooNE have reported some anomalies which
may hint to the existence of a fourth neutrino species [123, 124].
3.4 Fuzzy dark matter/axion-like particles (ALPs)
The so-called “fuzzy dark matter“ provides another possible solution for the core-cusp
and “missing satellites“ issues. It is an ultralight (m ∼ 10−21 − 10−22 eV) axion–like
scalar boson that gives rise to a galaxy–scale Bose–Einstein condensate. It behaves, to a





4ψ + mUψ ,
4U = 4πm|ψ|2 .
(3.24)
In the Madelung representation






where θ is the phase of the wavefunction,
ψ = |ψ|eiθ , (3.26)
the Schrödinger equation is equivalent to the Euler equations:
∂tρ + ~∇(ρ~v) = 0 ,
∂t~v + (~v~∇)~v = −~∇(U + Q) ,
(3.27)
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with the additional “quantum potential“






describing a repulsive quantum pressure that reflects the Heisenberg uncertainty
and prevents the formation of cusps. The ground state of the Schrödinger-Poisson
system can be regarded as a soliton, and has a fixed minimal radius. The “missing
satellites“ problem is explained by the suppression of the power spectrum at large
wave numbers or small scales, and via tunnelling effects, absent in the classical case,
which result in the gradual evaporation of FDM solitonic systems. It was also shown
that this model can reproduce the Tully-Fisher relation and the radial acceleration
relation [125]. Namely, assuming the system is in equilibrium:
∂t~v = 0 , (3.29)
and given that at large radii the rotation velocity is close to a constant (the rotation
curves “flatten“):
∇i~v ≈ 0 , (3.30)
we obtain from (3.27) that the gravitational force from the baryonic matter and the
dark halo should be counterbalanced by the quantum pressure:
gB(r) + gD(r) = gQ , (3.31)











where ξ is the characteristic size of the galaxy. Near the center of the galaxy gB(r)
is large (much larger than gQ), and gD(r) is almost zero; at larger radii gB rapidly
decreases and gD increases until the total gravitational acceleration becomes constant
and equal to gQ; the transition point r∗ is given by the condition:
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which is equivalent to the Tully-Fisher relation






Since ξ varies for different galaxies, the Tully-Fisher relation is only approximate,
which is consistent with observations.
Other phenomenological effects include the relaxation of FDM halos from higher
excited states into a soliton state, which tend to inhibit black hole mergers, disk
thickening and pseudobulges, dark–bright soliton interference patterns in dark halo
collisions, and decelerated dynamical friction possibly resolving the Fornax globular
cluster puzzle. The latter refers to the fact that the globular clusters within the Fornax
dwarf spheroidal are expected to have spiraled to the center of the galaxy due to
dynamical friction, which is not actually observed.
Simulations confirm that FDM produces large-scale structure identical to CDM,
with cores rather than cusps around galaxy centres [126]. They also show the conden-
sation and formation of Bose stars in initially homogeneous distributions of FDM
particles. These stars may explode, producing relativistic axions and radiophotons;
the latter may explain the so-called fast radio bursts (FRBs), the ARCADE2 excess
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radio spectrum, and the EDGES 21 cm anomaly [127]. The latter has to do with the
absorption depth being proportional to the ratio of the photon temperature and the





An influx of photons would increase Tγ, resulting in larger absorption magni-
tude [128].
However, the model is pretty tightly constrained by results from the Lyman-α
forest. This approach is based on the fact that clouds of neutral hydrogen absorb
photons with the wavelength corresponding to the Lyman-α spectral line of hydrogen,
and these absorption lines are redshifted as radiation propagates through space.
Therefore, by measuring the photon spectrum from a distant source, it may be possible
to determine the positions of the hydrogen clouds from the redshifts of absorption
lines and thereby calculate the large-scale structure power spectrum. Comparisons of
these results with fuzzy dark matter power spectrum simulations gives a lower bound
for the boson mass of around 2 ∗ 10−21 eV and leaves little room to solve the small–
scale problems [129, 130]. Moreover, the aforementioned dwarf galaxy observations
by Read et al. put also some constraints on “warm“ and “fuzzy“ dark matter, since not
all observed galaxies have shallow cores [97]. In addition, the existence of coherent
states on such a large scale raises problematic queries in connection with quantum
measurement theory, since the usual hierarchy of scales between a quantum system
and the measuring device is reversed. Notice, however, that this problem also exists
for the inflationary theory of structure formation [131].
Axions
Probably the best–motivated type of fuzzy dark matter candidate is an axion. Many
axions emerge in String Theory from compactifications of gauge p-forms, either from
the dualization of form components with indices tangent to the Minkowski spacetime
(model-independent axion) or from the zero modes of components with indices
tangent to the internal space (model-dependent axions). The axions are characterized
by an axion decay constant F, in the range
F = 109 − 1012GeV (3.41)
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for cosmological reasons. Indeed, if F were smaller, too many axions would be
produced in astrophysical systems, which would cause, for instance, red giants to cool
too rapidly. On the other hand, if it were larger, there would be too large a fraction of
axion dark matter. Generally, in (closed) String Theory F is of order 1016GeV, and the
problem is to reduce its value [48]. An overview of different approaches is given in
the Table 3.1. Notice that, in certain cases, the relevant decay constant is Fk or
F
k′ , where













Axions couple to the electromagnetic field, and for this reason the QCD axion may be
detectable with resonant microwave cavities. Moreover, axion–baryon scattering or
axion–photon conversion have been proposed as explanations for the 21 cm anomaly:
gravitational scattering of baryons with an axionic Bose-Einstein condensate would
decrease the spin temperature [132], while the resonant conversion of axions into pho-
tons in intergalactic magnetic fields would increase the radiation temperature [133].
However, the axion–photon coupling is tightly constrained by the ABRACADABRA
axion search experiment [134] and by cosmic observations [135].
3.5 Dark sector and mirror dark matter
The diversity of dark matter properties, inferred from observations, may imply that
dark matter is an ensemble of particles rather than one specific type of particle. Some
of them may belong to the categories discussed before, like WIMPs or axion-like
particles, and could be detected in the same way, by nuclear scattering, EM cavities,
or “light shine through wall“ experiments; however, in some models like the E8⊗ E8
heterotic String Theory, this sector may be decoupled from SM particles and interact
with them only via gravity. In that case, the “hidden sector“ may be explored through
portals like the Higgs portal and the photon-dark photon mixing, and interactions with
baryons through the latter term may allow to reproduce the Tully-Fisher relation [136].
Another telltale signature of a “dark sector“ is the self-interaction of dark matter,
which would create a sort of “friction“, affecting the collisions of two dark matter
halos; such a friction was not observed in collisions of numerous galaxy clusters, which
constrains the “dark sector“ models by putting an upper limit on the self-interaction
cross section [137, 138]. In models produced by String Theory and M-theory, there are
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Theory type Constraint on axion coupling
(model-independent)
Constraint on axion coupling
(model-dependent)
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Theory type Constraint on axion coupling
(model-independent)
Constraint on axion coupling
(model-dependent)






( 3F ≤ l11 ≤
10
F , 50 ∗ l11 ≤ R ≤
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(for x ∼ 1 and N=5: 2F ≤ l11 ≤
6
F , 55 ∗ l11 ≤ R ≤ 550 ∗ l11)
For an anisotropic X fac-
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(r0 ∼ ls is the cycle ra-
dius)
1.4 ∗ 109 GeV≤ Ms ≤ 1.8 ∗ 1012
GeV, 800 ∗ ls ≥ R√gs ≥ 73 ∗ ls
TA B L E 3 . 1 : Constraints on axion decay constant in various string-
motivated models.
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often several hidden sectors which are connected to the visible sector by one or more
portals; it was estimated that in such a model, a “visible-sector“ particle (like a WIMP)
would most likely decay into a hidden-sector one (which makes phenomenology more
difficult, and may explain the negative results of WIMP search experiments) [49].
It is also probable that the dark sector particles can decay into SM particles; this
possibility is discussed in the next section.
3.6 Dynamical dark matter
Decaying, or dynamical, dark matter is not a separate model; in fact, almost any
dark matter model can be supplied with an interaction term which would make
the particles decay. There exist some tensions between the high-redshift (CMB) and
low-redshift measurements of the cosmological parameters, which are alleviated if the
amount of dark matter is smaller by 2-5 percent at lower redshifts [139]; however, if
an abundant fraction of dark matter decays into SM particles, it would be an issue
for CMB and BBN nucleosynthesis. Therefore dynamical dark matter is generally
expected to comprise a “dark sector“ in which the decay widths into SM particles are
balanced against abundances [50]. One possibility for DDM is axion KK modes [51].
Components of DDM may be detectable by usual WIMP and axion search experiments
(though they would provide a different, more complex signal in WIMP detectors),
as well as by specified surface collider detectors aimed at long-lived particles [140].
Decays of dark matter have also been proposed as explanations for positron excess
and 21 cm anomaly.
Conversely, some data analysis of galaxy rotation curves at higher redshifts was
interpreted to imply that the galaxies contained less dark matter at 0.6 < z < 2.6,
and their dynamics were mostly baryon-driven [141]; however, more recent studies
contradict this notion, suggesting that the dark matter density was more or less the
same during this period [142].
Alternatively, the discrepancy between Hubble constant measurements can be ex-
plained by either statistical errors or faster expansion of the early Universe; the latter
may be due to additional light non-interacting degrees of freedom (an additional “dark
component“) [143] or time-changing density of dark energy (some recent observations
of quasars suggest that it may be growing with time) [144].
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4A critique of modified gravity alternatives to dark matter
1 A B R I E F I N T R O D U C T I O N T O M O N D
An alternative to dark matter, which directly incorporates the radial acceleration
relation, is the so-called modified Newtonian dynamics (MOND), proposed by M.
Milgrom in 1981 [30]. Within the MOND paradigm, the gravitational force is created
only by baryonic matter, but gravity itself is modified in such a way that the physical







where ν is a function with the asymptotics:
ν(x) ∼ 1 (x  1) , ν(x) ∼ 1√
x
(x  1) , (4.2)
and a0 is a fixed acceleration scale of order
√
Λ ∝ H0.
F I G U R E 4 . 1 : Rotation curve fit for a real galaxy NGC 6503; left
three-component Newtonian gravity fit (stellar+gas+DM), right: one-
component MOND fit
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F I G U R E 4 . 2 : “Fake“ galaxy fit (rotation curve of
NGC2403+photometry of UGC 128); left: two-component MOND fit
(stellar+gas); right: three-component Newtonian fit (stellar+gas+DM)
The current observational status of MOND and RAR is controversial. One common







has provided good fit to a number of galaxies from the SPARC sample [42, 34].
Other choices of ν have also been used to fit certain galaxies with high precision
(fig. 4.1) [145]. Interestingly, since MOND has fewer parameters than dark matter
models, it fails to fit “fake“ galaxies, i.e. those which use the rotation curve of one
galaxy and baryonic mass distribution of the other (fig. 4.2).
However, there are certain counterexamples which are better explained by the
dark matter model, for instance, the dwarf “twins“ Carina and Draco which require
different dark matter profiles for almost the same radial light profile[97, 146]; in
addition, a study of fifteen dwarf and spiral galaxies shows a correlation between
a0 and the extrapolated disk surface brightness, which contradicts the notion that
a0 should be a constant [147]. A couple of galaxies, known as ultra-diffuse galaxies,
appear to strongly deviate from the Tully-Fisher relation and have a very small
M/L ratio, i.e. almost no dark matter [148]. The Bullet Cluster is frequently seen
as another counterexample against modified gravity [149, 16], although its high
collision velocities are also challenging to explain within ΛCDM [150, 151, 152],
and MOND was conjectured to be a better framework for reproducing them [153].
Another pressing issue is to explain a number of phenomena like CMB and primordial
structure formation that find a natural explanation within the dark matter paradigm.
Moreover, most rotation curves are not exactly flat at large distances, and have either a
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slightly decreasing or a slightly increasing slope, implying that MOND can only be
true as an approximation of some underlying phenomena [44, 45].
One can derive a Lagrangian formulation of MOND noting that the “deep MOND“
dynamics ought to be scale invariant, since eq. (3.7) does not change under the
transformations
~r → λ~r , t → λt . (4.4)
Alternatively, the MOND dynamics depends only on the quantity GMa0, whose
dimension is [L/T]4, and not on G, M, and a0 separately [154]. A typical action





dt d3x (~∇Φ)2 −
∫






and in order to arrive at scale-invariant equations, all terms should have identical
scaling dimensions. Under eq. (4.4) the third term scales as λ (ρ ∝ λ−3), and Φ should
be scale-invariant to grant the same scaling dimension to the second term. However,
this choice would make the first term scale as λ2, and therefore, to recover MOND,
one should change either the third term or the first one. The first approach, known
as modified inertia (MI), still lacks a complete theoretical description, because the
modified acceleration is a functional of the whole particle trajectory. This means that
the corresponding equations of motion would be non local in time, and the Lagrangian
would not contain a finite number of derivatives of~r [155, 156, 157]. However, within
the second approach, known as modified gravity, one has the option of altering the

















This model is known as AQUAL (AQUAdratic Lagrangian), and gives the modified
Poisson equation
~∇(|~∇Ψ|~∇Ψ) = 4πGa0ρ , (4.7)
which, for a point-like mass
ρ(r) = Mδ(~r) , (4.8)
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and the radial acceleration (3.10). Since we already know that a field like Φ can emerge
in General Relativity as a perturbation of the metric tensor gµν, it is natural to try and
understand the relativistic origin of Ψ.
2 R E L AT I V I S T I C C O M P L E T I O N S O F M O N D
2.1 f(R) gravity
The most straightforward approach would be to directly modify Einstein’s gravity
along the lines of f (R) gravity to incorporate Φ and Ψ as different limits of the same




f (R)gµν + (gµνgαβ − δαµδ
β
ν )∗(








f g00 + g00grr
(
f “′(R′(r))2 + f “R“(r)
)
−
f “R′g00(grrΓrrr + g
θθΓrθθ + g




f grr − f “R′grr(g00Γr00 + gθθΓrθθ + gφφΓrφφ) = 0 ,
f ′ (gθθ R00 − g00Rθθ) + f “R′ (gθθΓr00 − g00Γrθθ) = 0 .
(4.11)
The first equation is the tt-component, the second is the rr-component, and the third is
the combination of tt- and θθ-components. It is also useful to write the trace equation,
f ′R − 2 f + 32 f ′ = 0 , (4.12)
although it is not independent of the three above.
Assuming time-independence and spherical symmetry, one can use Schwarzschild
coordinates, letting
ds2 = −(1 + 2Ψ)dt2 + (1 + 2Θ)dr2 + r2(dθ2 + sin2 θdφ2) . (4.13)
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To first order in Ψ and Θ, the Ricci tensor and its trace are then
R00 = Ψ“ +
2
r




Rθθ = 2Θ + r(Θ′ − Ψ′) , Rφφ = sin2 θRθθ ,
R = −2Ψ“ + 4
r




while the relevant Christoffel symbols are
Γr00 = Ψ
′ , Γrrr = Θ
′ , Γrθθ = −r , Γrφφ = −r sin2 θ . (4.15)






(n=0 is not considered, since this term can be absorbed into the cosmological constant).
If one considers the case c1 6= 0, the leading-order term would be given by R, and,
upon substitution into the equations (4.11), one obtains just the classical Schwarzschild
solution. However, for c1 = 0 the leading-order term is Rλ, with λ > 1. Therefore
the last equation in (4.11) demands that, to leading order in Ψ and Θ, R′ = 0. Now,
if one wanted that Ψ be the MOND potential, the preceding equations determine a
corresponding form for Θ,










, R = 12 k2 C . (4.18)
For λ > 1, the last term, proportional to k2, would not be present, and the special
case k1 = k2 = 0 of this result reproduces the one obtained in [158]. Since the MOND
solution belongs to the large family defined by the condition R = 0, it exists for all
λ > 1. At any rate, C is our expansion parameter in perturbation theory, and therefore
one should demand that
|C|  1 . (4.19)
On the other hand, C enters the MOND term
√
GMa0, so that the preceding condition




∼ 1023M . (4.20)
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This is well above typical galaxy masses, which are of the order 1010 − 1012M, so
that the MOND approximation appears justified, in this context, on galaxy scales.
However, it is less evident how to “glue“ the MOND solution to the Schwarzschild
one. We have in mind two possible ways to do it: the first is to select a function
f (R) that converges to R at small radii and to Rλ at large radii, and the second is
to use the same f (R) ∝ Rλ at all distances, while resorting to the solution Ψ that
combines the MOND potential and Schwarzschild potentials. The first approach
appears problematic, since R = 0 in both the Schwarzschild and MOND regimes.
Hence, even if one chooses k2 6= 0 in order to have a nonzero Ricci scalar in the
MOND regime, it seems unclear why at larger distances Ψ and Θ would “choose“ to
converge from the Schwarzschild solution with R = 0 to the MOND solution with
R 6= 0, even leaving aside the need for the particular MOND–value of C,
√
GMa0,
and we do not see how to ascertain whether any of the solutions possess attractor
properties. The second approach is more viable, because the equation R′ = 0 is linear
in Ψ and Θ at first order, so that any combination of the Schwarzschild potential and
MOND potentials,




















is also a solution, where r0 is an arbitrary length scale. However, how can one link the
constant to the singular behavior as r → 0? Namely, supplementing eq. (4.12) with a






3(λ− 1)GM . (4.22)
But the MOND potential is sub–dominant with respect to the Schwarzschild term,
and therefore there is apparently no way to obtain the condition C2 = GM. Our
conclusion is therefore the following: assuming weak field limit and analyticity of f (R)
near R = 0, there is no way to obtain a unique solution for a point mass that would be, at
the same time, distinct from the Schwarzschild one. This conclusion also applies to more
generic non–analytic power–law functions:
f (R) = Rλ , (4.23)
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with non–integer λ. One example is the choice λ = 32 , suggested by an order-of-
magnitude approach and by scaling invariance [159].
Besides, it has been demonstrated in [160] that under a number of reasonable
assumptions (such as the stability of gravitational theory), f (R) gravity cannot account
for gravitational lensing. This can be easily understood from the fact that f (R) theories
























3 κφgµν , U(φ) =





3 κφ = f ′(R) , (4.25)


















On the scalar-tensor side, one can also try to define a MOND-like solution, taking φ to







































and in order to reproduce the MOND prefactor C =
√
GMa0 one should make λ
a function of the mass M. This feature was also observed in [161], and while it
allows bypassing the no-go theorem on gravitational lensing, it makes the theory
somewhat baroque and ill-defined, for general matter Lagrangians. Alternatively, for
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3 κφ − 1) λλ−1 , (4.31)
but the structure of the equation is the same as in the previous case, and suffers from
the same problem.
2.2 Covariant emergent gravity (CEG)
An alternative approach would be to consider Ψ a separate field distinct from Φ
(the aforementioned scalar dual of f (R) gravity is one particular example of such a
theory). Since Φ and Ψ act on baryonic matter independently from each other, the
total acceleration would be given by
a = aN +
√
aNa0 (4.32)
at leading order in Φ and Ψ, corresponding to the interpolation function




This interpolation function has been tested in [162] for a number of galaxies from the
SPARC data sample [34], and shown to provide good agreement with the data1.
In this case, one would need to ensure that this new field interacts with light and
reproduces the gravitational lensing observations, and that its energy is bounded
from below. Absence of superluminal modes would also be a desirable feature of the
theory, albeit, as was shown in [164, 165], their presence does not automatically lead
to acausality. This requirement can be stated as follows. If one perturbs the equations
of motion around a stable field configuration, letting
Ψ = Ψ0(~r) + δΨ(t,~r) , (4.34)
the eikonal approximation
δΨ = A eiφ , (4.35)
1However, it cannot be accurate at large x, or, equivalently, at small radii (otherwise the corrections
to Newton’s law would be too large), which means the MOND contribution should somehow “turn off“
at large gradients of Ψ [163].
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where A is a slowly varying amplitude and φ is a quickly oscillating phase, would
yield for the wave vector the dispersion relation
ω = ∂0 φ , ki = ∂i φ , (4.36)





should not be larger than 1.
The energy, which needs to be bounded from below, can be defined either in terms




















In most instances these two definitions coincide, but as we shall see, this is not always
the case.
The simplest option to reproduce the equation (4.7) would be to construct a
Lagrangian that yields (4.6) in the static non-relativistic limit. The fractional power of
the kinetic term ( 32 ) may either be present in the covariant formulation of the theory,
or emerge in this specific limit.
In the first case, one can consider
LΨ = χ3/2 , (4.40)
where χ = ∂µΨa∂µΨa. This class of theories is known as k-essence theories, and though
fractional kinetic terms may appear exotic from a field theory perspective, their







Other examples include the Dirac-Born-Infeld action [166], which plays a role in String
Theory [167, 168], close to the critical field values, the phononic action of the unitary
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Fermi gas (UFG) [169], and the Hamiltonian of fractional quantum mechanics [170],
although the last two are non-relativistic examples. Insofar as these kinetic terms
contain only contributions of the form (∂ψ)2, they do not spoil the Cauchy problem,
because the equations of motion do not include derivatives of order higher than two.
Schematically, the EOMs of a Lagrangian proportional to χλ read
δ
δψ
(∂ψ)2λ = −2λ(2λ− 1)(∂ψ)2λ−2∂2ψ . (4.42)
It should be noted that a Lagrangian of the form χλ, with non-integer λ, is generally
defined only for χ > 0. The region of negative χ is not accessible, as is the case
for the superluminal regime of a relativistic particle, and its boundary signals the
breakdown of the effective field theory. However, it is also possible, in principle, to
try and circumvent this limitation considering kinetic terms of the form χα|χ|β, where
α + β = λ > 0, α is an integer and β is positive. The last requirement does not lead to
any loss of generality, since |χ|2 = χ2. For such a theory, the canonical stress-energy









taking into account that terms proportional to sgn′(χ) = δ(χ) vanish for positive
values of λ, while we are excluding, to begin with, negative values of λ, which would
result in a theory that is unbounded at χ = 0. Proceeding along these lines, one
can conclude that the choice L ∝ |χ|λ−1χ can encompass both positive and negative
values of χ (our particular choice, λ = 32 , would yield χ
√
|χ|). The same logic can be











In addition to the kinetic term, we would also need a coupling term. Given that ρ is
actually the 00-component of baryonic matter’s stress-energy tensor, this coupling
term can have the form
Lint = hµν(Ψ) Tµν . (4.45)
Given that Tµν is proportional to the first-order functional derivative of the matter
Lagrangian over gµν, the presence of this interaction term is equivalent, at first order,
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−g̃ Lm(g̃µν) , (4.46)
given by
g̃µν = gµν − 2hµν . (4.47)
Our next step would be to determine how does Ψ transform under the Lorentz
group. Again, the easiest option would be to make it a scalar; this model, known
as RAQUAL (relativistic AQUAL), was proposed in [171]. A generic scalar field
Lagrangian of the form
L = −(∂µΨ∂µΨ)λ (4.48)
yields the stress-energy tensor
T00 = (∂µΨ∂µΨ)λ−1
[
(2λ− 1)(Ψ̇)2 + (~∇Ψ)2
]
(4.49)
(the canonical and gravitational definitions are equivalent in this case). The expression
within square brackets is positive definite for all λ ≥ 12 , but the prefactor can become
negative for even λ when
Ψ̇2 > |~∇Ψ|2 . (4.50)
We already stated that one should exclude this region when considering non-integer
λ, so that T00 is positive definite for all positive and non-even (i.e. either odd or
non-integer) λ, including the special value 32 that plays a role in the models of interest.
Alternatively, for a Lagrangian of the form
L = −|∂µΨ∂µΨ|λ−1(∂µΨ∂µΨ) (4.51)
that incorporates both positive and negative values of (∂µΨ∂µΨ), the energy density
would be given by
T00 = |∂µΨ∂µΨ|λ−1
[
(2λ− 1)(Ψ̇)2 + (~∇Ψ)2
]
. (4.52)
In this theory the energy density is bounded from below for all λ ≥ 12 (even values of
λ are not a problem, since the prefactor cannot be negative).
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However, as was shown in [172], RAQUAL contains superluminal modes, and
more importantly, a scalar can only couple to the trace of the stress-energy tensor:
L = − 1
12πGa0
(∂µΨ∂µΨ)3/2 −ΨTαα , (4.53)
corresponding to a conformal factor of the metric:
g̃µν = e−2Ψgµν . (4.54)
As a result, it cannot account for gravitational lensing.
A more complicated option would be to introduce Ψ as the time component of
a vector field uµ. This theory is known as “covariant emergent gravity“ (CEG) [52]
due to its conjectured connection to emergent gravity, a framework inspired by the
AdS/CFT correspondence [31]. Within the emergent gravity paradigm, dark energy is
ascribed to an elastic medium, understood as an artifact of quantum gravity, while the
“MOND force“, represented by the vector field, is regarded as the medium’s response
to baryonic matter [32]. In a corpuscular approach to quantum gravity, the “dark
medium“ was also interpreted as a Bose-Einstein condensate of gravitons [173, 174].
The CEG Lagrangian is yielded by (4.40), with χ given by
χ = α(∇αuα)2 + β(∇µuν)(∇µuν) + γ(∇µuν)(∇νuµ) . (4.55)
For any choice of parameters other than the one in standard Maxwell theory (α =
β + γ = 0), the kinetic term would contain Christoffel symbols. Therefore, even on
flat spacetime, the gravitational stress-energy tensor would be different from the
canonical one due to additional terms proportional to variations of these symbols.
More precisely, for a generic vector field theory with a Lagrangian ∝ χλ the
canonical stress-energy tensor would be
(Tµν)C = −2λ
(
α(∂αuα)(∂νuµ) + β(∂µuα)(∂νuα) + γ(∂αuµ)(∂νuα)
)
χλ−1 + gµνχλ .
(4.56)
This tensor is not symmetric, but, generalizing the result for the Maxwell case, one
can symmetrize it by the addition of a term of the form
− 2λ
(
α(∂αuα)(∂µuν) + β(∂αuµ)(∂αuν) + γ(∂αuν)(∂µuα)
)
χλ−1 , (4.57)
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This quadratic form can be presented as a 16 x 16 matrix. To guarantee the stability
of the theory, one would need to require all of the matrix’s eigenvalues to have the
same sign (if they are all negative, the kinetic term should be taken with the opposite
sign to ensure positivity). The matrix is comprised of blocks: one 4 x 4 matrix for the
products of ∂0u0 and ∂iui (i = 1, 2, 3), three identical 2 x 2 blocks for products of ∂0ui
and ∂iu0, and three identical 2 x 2 blocks for products of ∂iuj and ∂jui. The latter type






Λ1,2 = −β± γ . (4.60)






Λ3,4 = −(2λ− 1)(β± γ) . (4.62)
Finally, the 4 x 4 matrix is given by

(4λ− 1)(α + β + γ) (1− 2λ)α (1− 2λ)α (1− 2λ)α
(1− 2λ)α −(α + β + γ) −α −α
(1− 2λ)α −α −(α + β + γ) −α
(1− 2λ)α −α α −(α + β + γ)

. (4.63)
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Two of its eigenvalues are
Λ5,6 = −β− γ , (4.64)
and the remaining two are determined by the quadratic equation
Λ2 + BΛ + C = 0 , (4.65)
with
B = 3α + δ− (4λ− 1)(α + δ) ,




with δ = β + γ. For the two eigenvalues to have the same sign, C should not be
negative, but the only way to ensure this for λ > 1 is to set both α and δ to zero,
opting for a Maxwell-type theory.
Now, we turn to the gravitational stress-energy tensor, which appears more
relevant in this context, since the canonical one is generally defined for field theories
on flat spacetime, and within the MOND framework gravitational effects are clearly
























To compute the variation of χ, we also took into account contributions involving
the Christoffel symbols Γ ∝ ∂g, since after integrating by parts they yield terms that
survive even in flat spacetime backgrounds. There are also terms proportional to
u(∂2u), which vanish, interestingly, for the MOND solution with λ = 32 . In detail, for
a configuration of the form
u0 = φ(~r) , ui = 0 , (4.69)


















κ − 1 . (4.71)
For a logarithmic potential (κ = 0), this occurs precisely if λ = 32 .
However, for more generic solutions, there is a stability issue, which manifests
itself even with linear field configurations of the type
uµ = Aµ + Bµνxν , (4.72)
for which the terms ∝ ∂2u also vanish.
It should be noted that these special configurations solve the equations of motion,
which involve second-order derivatives of u2. For the configurations in eq. (4.72), one




























































(β± γ) . (4.75)




(β + γ) , ξ =
1
2
(β− γ) , (4.76)
2 [52] and [175] propose either a mass term or a quartic self-interaction term for uµ, but their
contribution to the EOMs can be made negligible if we consider very small values of Aµ and a region of
spacetime sufficiently close to the origin, so that the Bµνxν are small even for large enough values of Bµν.
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and the energy positivity condition requires that δ and ξ have the same sign.
The other 2× 2 block corresponds to the products of ∂0ui and ∂iu0 (for each i), is λγ + β2 γ2 (1− λ) + λ β2
γ






and its two eigenvalues have the same sign if





δ ξ ≥ 0 . (4.78)
Since the first term in b is negative definite for δ 6= 0, the second should be positive to
satisfy the condition. But for λ ≥ 12 , it can only be positive if δξ < 0, which cannot be
true, since δ and ξ should have the same sign, as we have seen. Therefore the only
option is δ = 0, i.e. γ = −β.
Finally, for products of ∂0u0 and ∂iui there is the 4 x 4 block





2 )α− λδ −(2λ−
1
2 )α− λδ −(2λ−
1
2 )α− λδ
−(2λ− 12 )α− λδ (λ−
1









2 )α− δ (λ−
1
2 )α










One eigenvalue of this matrix,
Λ = − δ , (4.80)
is doubly degenerate, and if one now sets δ to zero, as required by the preceding
discussion, the remaining two eigenvalues are determined by the quadratic equation
Λ2 − 2(3λ− 1)α Λ − 3λ2α2 = 0 . (4.81)
Following the same logic as in the previous case, one should require that the last term
be non-negative for the two eigenvalues to have the same sign, but this is not possible
unless α = 0. In conclusion, one is left is Maxwell’s choice of parameters α = 0, β =
−γ. All other options, including the choice made in CEG (α = 43 , β = γ = −
1
2 ) [52],
result in (T00)G unbounded from below within the class of configurations that we
have explored.
The aforecited argument has several loopholes: first of all, since the relevant
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quantity is not (T00)G but
(T00)G
χλ−1
, this analysis suffices only for odd integer values of
λ (including the Maxwell case λ = 1). If, instead, λ is either even or non-integer
(the latter is relevant for CEG), one should check whether (T00)G
χλ−1
can become negative
in the region where χ is positive. Otherwise, for even λ, the sign change would be
compensated by the sign change of χλ−1, and (T00)G would remain positive, while for
non-integer λ, regions with negative χ are simply removed from the configuration







χ ≥ 0 .
(4.82)
For example, for negative β and γ (as is the case in CEG), a static configuration with
u0 = A + Bµxµ , ui = 0 (4.83)
would lead to a negative (T00)G,




χ = −β ∑
i
(Bi)2 (4.85)
would be positive. The coefficients Bi can be arbitrarily large, and this means the
theory is not bounded from below.
Following [52], one can take this argument one step further, supplementing it with
the condition that the gravitational stress-energy tensor be covariantly conserved on
the simplest non-flat background, de Sitter space:
ds2 = −dt2 + e2Htd~r2 . (4.86)
For a field configuration of the form
u0 = C , ui = 0 , (4.87)
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the components of the gravitational stress-energy tensor are now
(T00)G ∝ 9α(2λ− 1)− 3(β + γ) ,
(Tii)G ∝ (9α + 3(β + γ)(1− 4λ)) e2Ht ,
(4.88)
and lead to the conservation condition
β + γ = − 3(λ− 1)
2λ− 1 α . (4.89)













(∂iuj − ∂jui)2 + γ(λ−
1
2
)(∂iu0 − ∂0ui)2 ,
(4.90)
so that the positivity condition is only satisfied for λ ≥ 12 . Following a similar logic,
one can also see that theories with even λ (λ = 2n) are problematic, even for Maxwell’s
choice of parameters. Since (T00)G
χλ−1
is positive definite, negative values of χ, i.e. such
that
(∂iuj − ∂jui)2 > (∂0ui − ∂iu0)2 (4.91)
would result in negative values of (T00)G. Therefore, our conclusion is that the only
consistent vector field theories rest on Maxwell’s choice of parameters (α = 0, β = −γ),
and on odd or non-integer values of λ, with λ ≥ 12 . Moreover, for the Lagrangian based
on |χ|λ−1χ, which can also be defined for negative values of χ, λ can be even-valued,
but again it cannot be smaller than 12 .
Continuing to focus on the gravitational energy–momentum tensor, one may
wonder whether one could circumvent the problem introducing Lagrange multipliers,
at the cost of altering the dynamical content of the vector model, or replacing the con-
dition that (T00)G be positive with the weaker condition that some linear combination
of (T00)G and (T0i)G be positive [176, 177]3. However, for the MOND case, neither of
these approaches can eliminate contributions leading to negative energy density, such
as the terms ∝ (∂0ui)2. For example, taking a configuration with u0 = C and ui = Bit,
the T0i components would vanish.
3I am grateful to prof. G. Esposito–Farese for a useful correspondence on this issue.
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Turning to the Lagrange multipliers, if one wanted to constrain only first deriva-
tives, a scrutiny of the available option shows that the quantities that could be used,
which include (∂αuµ)(∂αuν), also contribute to the MOND term, and there appears to
be no way to remove the negative contributions without affecting it.
We can now address the issue of superluminal modes. The equations of motion
for a Lagrangian of the form
L ∼ (DµνDµν)λ , (4.92)





= Jν , (4.93)
and in absence of sources they reduce to
(DµνDµν)λ−1
[





= 0 . (4.94)
A perturbation δu of a static background configuration of the form
u0 = Ψ(~r) , ui = 0 (4.95)
in the eikonal approximation and in the Lorenz gauge
kµδuµ = 0 (4.96)
yields
















is a spacelike vector. Combining eqs. (4.97) gives a quadratic equation for ω2, with
solutions
ω21 =~k
2 , ω22 =
~k2 + 2(λ− 1)(~n~k)2
2λ− 1 . (4.99)
This means that the group velocity can vary between 1 and 1√
2λ−1 , and therefore
theories with λ ≥ 1 have no superluminal modes.
140 Chapter 4. A critique of modified gravity alternatives to dark matter
In principle, it is possible to construct a MOND solution with a Lagrangian of the





as in [52], corresponding to the effective metric




and considering a static field configuration
u0 = Ψ(~r) , ui = 0 . (4.102)
However, this choice breaks the gauge invariance of uµ, and is thus inconsistent with
the equations following from the types of Lagrangians of eq. (4.92), which grant a
lower bound on the energy density, as we have seen. The effective current should be











Gauge invariance is guaranteed, however, if the coupling term only involves Dµν,







where the function F, which we allow out of despair to recover MOND, will be
specified shortly. For a static point mass, one would look for a spherically symmetric
field configuration
u0 = Ψ(r) , ui = 0 (4.105)
and the emergence of a MOND–like potential would demand, for consistency, that
F(Ψ′2) Ψ′2 ∝ ln(r) , (4.106)
since the source accompanying Tµν in this case ought to play the role of a scalar
potential. Away from a point source the Lagrangian of eq. (4.92) would yield the field
2. Relativistic completions of MOND 141
equation
∂r(r2(Ψ′)2λ−1) = 0 ⇒ Ψ′ = Cr
2
1−2λ , (4.107)
and the scaling symmetry demands that λ = 32 . The sought logarithmic potential
(4.106) and gauge invariance would conspire into a non–local dressing for the source















which appears indeed rather baroque, a substantial overkill.
In principle, one could concoct an even more elaborate theory with a larger number
of fields, such as TEVES (tensor-vector-scalar gravity), an extension of RAQUAL that
contains two fields: a scalar conformal factor of the metric and a vector field which
accounts for the gravitational lensing [172]. However, according to the LIGO–Virgo
gravitational wave observations, gravity and light should propagate on the same
geodesics, which rules out theories like CEG and TEVES that have matter and gravity
couple to conformally unrelated metrics [53].
2.3 Superfluid dark matter (SfDM)
Finally, we should consider the possibility that the fractional power of the kinetic term
emerges specifically in the non–relativistic limit. One possible way to implement this































Once the symmetry is spontaneously broken and Φ acquires a nonzero non–relativistic
VEV:
Φ = ρei(θ+mt) , (4.111)
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one would obtain MONDian behaviour. This model is known as superfluid dark mat-
ter (SfDM); at finite temperatures, SfDM would effectively be a mixture of superfluid
and CDM-like normal fluid that can account for gravitational lensing [178]. Besides,
due to its ability to behave as an ordinary scalar field with a mass of order ∼eV, it
could, in principle, account for phenomena like CMB and structure formation that are
unexplained in most versions of MOND. Nonetheless, it is not clear how to obtain the
interaction term (4.114) from the relativistic form of the theory. One could implement
θ as a conformal factor of the metric, as in RAQUAL, but it would be necessary then









− mt , (4.115)
and this function is non-covariant and ill-defined at Φ = 0. This problem is generic in
superfluid/symmetry breaking models since Goldstone bosons usually emerge as
phases of complex fields [179]. Alternatively, one could couple θ to baryonic density
instead of matter density, in which case our Noether current would be the baryonic
current, rather than the stress-energy tensor. This would make SfDM a field theory
that imitates the effects of modified gravity rather than an actual modified gravity
theory; however, its complete theoretical description is still lacking [180].
One more potential difficulty with this approach has to do with the phase transition
mechanism. Since (4.110) is equal to zero at Φ = 0 regardless of the presence of the
gravitational potential, and is larger than zero in the broken phase, according to
(4.111), the broken phase ends up having a higher energy density than the unbroken
one.
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3 C O N C L U S I O N
To sum up the results of this section, we have demonstrated the impossibility to
construct a relativistic version of MOND (or, for that matter, any infrared modification
of gravity) either through a direct modification of general relativity along the lines of
f (R) theories or through a disformal transformation of metric. Therefore, as long as
the modified gravity Lagrangian is required to satisfy certain assumptions (locality,
Lorentz invariance, and fixed number of dimensions D = 4), there are only two
possible ways to reproduce MOND:
• A model along the lines of RAQUAL that couples matter to a metric with a
conformal factor plus a CDM-like mass component to account for gravitational
lensing. The scalar field and the mass component may be either separate entities
or two different manifestations of the same phenomenon (SfDM is one example
of the latter approach, though its relativistic description is incomplete so far).
• “Fake modified gravity“, i.e. a theories of fields that don’t directly couple to
matter, but interact with it through gravity, producing a MOND-like potential.
Such fields can be non–minimally coupled to gravity, as is the case for bimetric
MOND [181]. Einstein aether theory also belongs to this category, though it
does break the Lorentz symmetry [182].
Finally, there is the possibility that the radial acceleration relation emerges through
dynamical effects rather than a new physical law. In most cases it has to do with a
specific type of dark matter that has some particular property (such as dipolar [183],
dissipative [136], or fuzzy dark matter [125]). However, in the next chapter we
propose the existence of a purely geometric effect that turns up simply from the spatial
distribution of DM, regardless of its specific nature. Should this effect actually exist, it
would also imply that standard CDM model is preferable over modified gravity or
self-interacting dark matter (SiDM).
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5Elongated mass distributions and their imprint on rotation
curves
1 G R AV I TAT I O N A L E F F E C T S O F F I L A M E N T S A N D P R O -
L AT E D A R K H A L O S
Our proposal is rooted in the simple physical observation that the gravitational
potential of an infinitely thin wire, given by





= G µ ln

√
`20 + r2 + `0√
`20 + r2 − `0
 , (5.1)
where µ is a mass per unit length and `0 is the half–length of the wire, exhibits an
interesting transition between a log–like behavior for r  `0 and the standard 1r
behavior for r  `0. In the former region the elongated mass distribution flattens the
field lines in the radial plane, mimicking a two–dimensional log–like behavior, before
the standard monopole term finally dominates at larger distances. Therefore an object
moving on a stable circular orbit around such a wire would have the velocity




2 G µ `0√
`20 + r2
. (5.2)
Cylindrical and elliptical mass distributions also yield quasi-logarithmic potentials.
Therefore, if the dark matter halos of galaxies have a prolate shape, with the elongation
along the Z-axis, they would yield approximately flat rotation curves at distances larger
than the minor axis but smaller than the major one. There are several independent
indications from kinematic data [184, 185, 186] and gravitational lensing [187, 188] that
a number of galaxies and galaxy clusters, including the Milky Way and Andromeda
(M31), may host bulged dark halos. Prolate halo shapes were also observed in
simulations of collisionless CDM [189], and were conjectured to result from either
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halo merging [190] or hierarchical structure formation, resulting in the collapse of
matter along filaments rather than sheets [191]. On the contrary, DM self-interactions
tend to favor rounder halo shapes [192], and the MOND framework can only mimic
spherical or slightly oblate DM distributions [193]. As a result, ascertaining the actual
presence of elongated halos would also provide additional evidence to discriminate
among different scenarios (it’s not clear however whether this would also impinge on
hybrid scenarios such as superfluid dark matter [33]).
The potential interest in these considerations lies in the fact that they rest solely on
standard laws of gravity, and in particular on its Newtonian limit, without the need
for any infrared modifications.
For the purposes of our analysis, we consider the Navarro-Frenk-White (NFW) [95]
and Burkert [96] profiles that have been introduced in 2, and that are among the most
popular spherically symmetric smooth distributions used for dark matter in galaxies.
Making the simple replacement
r =
√
x2 + y2 + z2 →
√
x2 + y2 + q z2 , (5.3)
one can deform these spherical distributions into prolate ones for q < 1, or oblate














dφ (r− r′ cos φ)
(r′2 + r2 + z2 − 2rr′ cos φ)3/2 ,
(5.4)
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1− x2 sin2 θ





1− x2 sin2 θ (5.6)
are incomplete elliptic integrals of the first and second kind. Eq. (5.5) is a complicated
expression, which becomes however far simpler in the standard spherical limit (q→ 1),
and also in the limit of infinite elongation away from the galactic plane (q→ 0). In the
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F I G U R E 5 . 1 : Dark–matter contributions to the rotation velocity for
the NFW profile produced by a spherical halo (blue solid line), a prolate
halo with a major-to-minor axis ratio 3 (orange dashed line), and a
prolate halo with a major-to-minor axis ratio 10 (black dash-dotted
line). The velocity is always normalized to unity at the peak, and the
radius is normalized to r0k , with the coefficient k always chosen so that




= 2. The actual value of r0 depends on the galaxy.











































for the NFW and Burkert profiles. On the other hand, in the limit of infinite elongation




dr′ r′ρ(r′) , (5.9)
where r =
√






























From these expressions one can see that, if the density profile ρ has a characteristic
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F I G U R E 5 . 2 : Dark–matter contributions to the rotation velocity for
the Burkert profile produced by a spherical halo (blue solid line), a
prolate halo with a major-to-minor axis ratio 3 (orange dashed line),
and a prolate halo with a major-to-minor axis ratio 10 (black dash-
dotted line). The velocity is always normalized to unity at the peak,
and the radius is normalized to r0k , with the coefficient k always chosen




= 2. The actual value of r0 depends on
the galaxy.
radial scale r0 beyond which it tends smoothly to zero, eventually v2NFW,B ∝ r
−1 ln r in
the spherical limit but v2NFW,B ∝ const in the limit of infinite elongation. Even in the
presence of smooth mass distributions, the effect we are after can therefore grant the
emergence of flat rotation curves for distances scales r0 < r < q−1r0, if q < 1. On the
other hand, inside dark matter distributions one would observe growing rotation
curves in both limits, with v2NFW ∝ r and v
2
B ∝ r
2 for NFW and Burkert profiles. For
generic bulged profiles the integrals must be computed numerically, and figs. 5.1 and
5.2 compare the results thus obtained with the spherical limits for the two cases of
NFW and Burkert profiles.
Our conclusion if therefore that, for both NFW and Burkert profiles the dark–matter
contributions to rotation velocities exhibit steep rises followed by shallow declines, and prolate
halos yield steeper rises and shallower declines than the standard spherical ones. This behavior
complies to the picture that we have advocated at the beginning of the chapter.
2 S PA R C D ATA A N A LY S I S A N D I N T E R P R E TAT I O N O F T H E
R E S U LT S
Before starting the quantitative analysis, it is useful to introduce a different
parametrization of velocities and density profiles, which rests on the definition of the
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dr r2ρ(r) . (5.11)
Here we have defined rc, in an admittedly arbitrary but reasonable manner, demanding
that the average DM density within the ellipsoid be 200 times larger than the critical
density of the Universe [194]:









where we have taken the Hubble parameter H to be 0.072 km/s/kpc. For the NFW











































ln(1 + C)− C1+C
(5.14)





ln(1 + C2) + 2 ln(1 + C)− 2 arctan(C) (5.15)





is known as concentration. For q = 1, one can easily plug this expression into (5.8) to
obtain that the rotation velocity at rc is given by
vc = 10Hr0C (5.17)
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ln(1 + C2) + 2 ln(1 + C)− 2 arctan(C) .
(5.18)












































+ 2 ln(1 + C)− 2 arctan(C)
ln(1 + C2)− 2 ln(1 + C) + 2 arctan(C)
)1/2
. (5.22)
For generic values of q, the expression for rotation velocity would be more complicated,
v2(r, vc, C, q) = v2c
F
(√




where F is the function













∣∣∣u) − ξ2 cos2 θ + (ξ/q)2 sin2 θ − x2






u = − 4xξ cos θ





and ρ0 is either (5.14) or (5.15), depending on the choice of profile.
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In order to select a suitable sample of galaxies from the SPARC database, we have
resorted to the following criteria:
• The galaxy should have the quality flag Q = 1, which means high quality HI
(the 21-cm line from neutral atomic hydrogen) or hybrid HI/Hα (the strongest
emission line of ionized hydrogen) data [34];
• The galaxy’s inclination should be equal to or larger than 30o [34];
• The number of data points should be equal to or larger than 10. This requirement
is admittedly arbitrary, but if the length of the curve is too small, identifying the
“flattening“ effect we are after and discriminating among competing models
becomes very difficult. A similar choice was made in an earlier work [195];
These criteria leave 84 galaxies out of 175, on which the deformations we intend to
explore are expected to lead to more sizable effects, if they are relevant at all to them.
We then performed a five–parameter fit with the function




B(r) + vG(r)|vG(r)|+ v2DM(r, vc, C) + 2Gµ , (5.26)
using the Python SciPy.Optimize.Curve_Fit package. The five parameters are the
mass-to-light ratios YD and YB, bounded from below at 0.1, the two parameters vc
and C of the NFW and Burkert profiles of eq. (5.18), and finally the string tension
parameter µ. The disk, bulge, and gas contributions vD,B,G are taken from the SPARC
database; notice that the absolute value is needed for the gas contribution, because it
can become negative at small radii if the gas distribution is significantly depressed in
the innermost regions, so that the gravitational pull from outwards is stronger than
from inwards [34]. The galaxy UGC 01281 has particularly large negative values of
vG at small radii, rendering the fit unstable; for this reason, we excluded it from the
sample, confining our attention to a total of 83 objects. Given that each object was
fitted by two profiles (NFW and Burkert), this means 166 models in total, which is
indeed a large number.
Then, taking the fit results as a starting point, we performed an MCMC analysis
on them resorting to the Python package emcee [196]. As in [197], we imposed flat
priors on Vc and C, with 10 < Vc < 500 and 0 < C < 1000. We also included two
additional parameters, namely the inclination of the galaxy i and the distance to the
galaxy D, and imposed Gaussian priors on them, with their mean values and standard
deviations taken from the SPARC database. The former affects the observed velocities
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+ v2DM(r, vc, C)
(5.31)
(the prefactor sin(i)sin(i0) is due to (5.27); we multiplied both the numerator and the
denominator in χ2 by sin(i0)sin(i) ).
The first term in L is the likelihood function, and all the rest are priors (we omit
the normalization factor, since it is irrelevant for our purpose). Namely, as in [197], we
imposed Gaussian priors on D and i, with the mean values and errors given by the
SPARC database, and lognormal priors on YD and YB, with mean values of 0.5 and 0.7
and error values of 0.1. The third term, which has to do with bulge, is omitted for
bulgeless galaxies.
Following [197], we initialized the MCMC chains with 200 random walkers and
ran 500 burn-in iterations, before resetting the sampler and running another 2000
iterations. For fits that have a minimum at Gµ = 0, where Gµ is the tension term in
eq. (5.26), we ran only a 6-parameter MCMC (vc, C, YD, YB, D, and i), while for those
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F I G U R E 5 . 3 : Left panel: string tension versus dark halo mass for
the NFW profiles; right panel: string tension versus dark halo mass
for the Burkert profiles. In the NFW model, there is no obvious
correlation between the presence of a string and larger halo masses,
while in the Burkert model, one can observe some degree of correlation.
The asymmetric error bars on the masses are due to the fact that the
masses are proportional to v3c , and (vc − δvc)3 and (vc + δvc)3 are not
equidistant from v3c .
F I G U R E 5 . 4 : Rotation curves for the galaxy NGC 5371: data points
(blue dots with error bars), fit with a DM halo (solid orange line), a
DM halo plus an infinite string-like object at the origin (dashed green
line), and a DM halo plus a finite string-like object of length 200 kpc
(dash-dotted red line). Left panel: NFW profile; right panel: Burkert
profile.
that have a minimum at Gµ > 0 (69 in total), we also performed a 7-parameter MCMC
with Gµ as the seventh parameter. Then, using the obtained values of L, we computed
the Bayesian and Akaike information criteria (BIC and AIC) to compare the evidence
for competing models. BIC is given by
BIC = k ln(n) + 2L , (5.32)
where k is the number of parameters (6 and 7 for bulged and bulgeless galaxies,
respectively, when the filament is present, and 5 and 6, respectively, when the filament
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F I G U R E 5 . 5 : Rotation curves for the galaxy NGC 5907: data points
(blue dots with error bars), fit with a DM halo (solid orange line), a
DM halo plus an infinite string-like object at the origin (dashed green
line), and a DM halo plus a finite string-like object of length 200 kpc
(dash-dotted red line). Left panel: NFW profile; right panel: Burkert
profile.
is absent), and n is the number of data points. Likewise, AIC is defined as
AIC = 2k + 2L . (5.33)
For cases when non–zero values of Gµ yielded improvement of BIC and/or AIC,
we also considered a more physically realistic situation when the filament at the
center of the galaxy has finite length of 200 kpc, which means that the factor of 2Gµ
in (5.26) was replaced with 2Gµ (1 + (r/100)2)−1/2, as per 5.2. Based on the result,
we selected 23-25 galaxies that have some evidence for a “wire“ at the center (values of
fit parameters are given in Tables 5.1, 5.2, 5.3), and split them into three groups: those
with strong evidence, when considerable fit improvement is shown for both NFW
and Burkert profiles, implying a model–independent feature (9 galaxies for BIC, 11
for AIC; Tables 5.4 and 8); those with moderate evidence, where the addition of the
filament improves fit quality for the better–fitting profile (6 galaxies for BIC, 7 for
AIC; Tables 5.5 and 8); those with scant evidence, where the filament improves the
fitting quality for the worse–fitting profile (8 galaxies for BIC, 7 for AIC; Tables 5.6
and 8). The values of BIC and AIC for the galaxies that show no improvement upon
the addition of the filament are given in Tables 8 and 8.
There are numerous physical motivations to consider the presence of elongated,
string–like mass distributions at the center of galaxies. First and foremost, black
holes can produce relativistic jets comprised of gas [198], and given the gravitational
nature of the effect, dark–matter jets can in principle exist as well. One of our primary
examples, the galaxy NGC 5371, is classified as a LINER, which may imply the
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F I G U R E 5 . 6 : The rotation curve of NGC 5371, fitted by a spherical
dark halo (orange solid curve) and by a deformed halo (green dashed
curve). The result is given for the NFW profile.
presence of an active galactic nucleus [199]. Alternatively, such an object could be
a tidal stream: for instance, another key example NGC 5907 is known to host an
extended stellar tidal stream structure [200, 201]. One more prominent example, NGC
2841, has a polar ring orthogonal to the galaxy plane, which is probably a result
of interaction with another galaxy [202, 203]. Finally, there are exotic candidates
like cosmic strings: a mechanism for the migration of cosmic strings to the center
of galaxies was proposed in [204, 205], and interestingly, the values of Gµ obtained
in our fits are below the upper constraint on cosmic string tension obtained from
Planck observations, which is around 7.8 ∗ 10−7 [20]. Cosmic strings have also been
proposed as the cause for the distortions in pulsar signals observed by the NANOGrav
collaboration; if true, this result may also lend indirect support to the conjecture
of their presence in galaxies [206, 207, 208]. A filament of this type, observed at
the center of Milky Way, has also been conjectured to be either a black hole jet or
a cosmic string [209]. The Milky Way hosts several more such objects, which have
been interpreted as jets produced by shock waves within the regions of intensive star
formation [210].
One could also hypothesize that these “strings“ originate from intergalactic
filaments of the large–scale structure. In this case, there would be a correlation
between larger masses of the dark halos and the presence of a “string“ at the center,
with the largest galaxies located at the nodes of the filaments. However, based on our
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F I G U R E 5 . 7 : The rotation curve of NGC 5371, fitted by a spherical
dark halo (orange solid curve) and by a deformed halo (green dashed
curve). The result is given for the Burkert profile.
data sample, we cannot reach a clear conclusion on whether or not such correlation
exists: there appear to be some indications to this effect in the Burkert model, while
they do not emerge in the NFW model (Fig. 5.3).
Two most notable examples of galaxies belonging to the first category are NGC
5371 and NGC 5907, for both of which the fit improves considerably due to the
presence of the filament (Figs. 5.4 and 5.5). Though BIC is more stringent than AIC,
the conclusions for both criteria are similar in most cases (the few counterexamples,
such as NGC 3521 and UGC 03205, yield only marginal improvement in AIC that
could be attributed to statistical uncertainty). Likewise, the addition of a cutoff does
not have any significant impact on either BIC or AIC for most galaxies.
Taking the aforementioned galaxies NGC 5371 and NGC 5907 as benchmarks, we
also fitted them with the alternative model that involves prolate dark matter halos. In
this case, the rotation velocity would be




B(r) + vG(r)|vG(r)|+ v2DM (r, vc, C, q) , (5.34)
with v2DM given by (5.23). We opted for a flat prior on q in the range from 1/3 to 1, i.e.
between the limiting cases of a spherical halo and halo with a major-to-minor axis
ratio of 3. The MCMC analysis results, along with the values of BIC and AIC, are
given in Table 8. As can be seen from these values and from the examples of the same
two galaxies NGC 5371 and NGC 5907 (figs. 5.6, 5.7, and 5.8), the deformation of the
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halo gives only a small correction to the fit, unlike the filament at the center.
F I G U R E 5 . 8 : The rotation curve of NGC 5907, fitted by a spherical
dark halo (orange solid curve) and by a deformed halo (green dashed
curve). The result is given for the NFW profile (for the Burkert profile,
a deformed halo is disfavored in comparison to the spherical one).
Finally, for the same two galaxies, we have explored the possibility that the halo
deformation and the filament be simultaneously present. However, this model is not
supported by the data analysis: for the NGC 5371 (both NFW and Burkert) and NGC
5907 NFW, the best fit obtains for q = 1 once one incorporates both parameters q and
Gµ. For NGC 5907 with Burkert profile, there is a minimum at q < 1, but the BIC and
AIC results in this case are worse than for a filament without the deformation (the
values of the fitting parameters, BIC and AIC for this case are given in Table 8).
One should note however that we have worked with simple deformations of
two specific, if very popular, density profiles, and confined our analysis to only two
galaxies. The prefatory conclusion, based on both theoretical considerations and
fit results for these two examples, is that the improvement in the fit quality due to
halo deformation is marginal at best. This implies that the rotation curve analysis is
not conclusive, and may probably be more useful as an exclusionary method to filter
out the galaxies that are unlikely to host non–spherical dark halos. In principle, the
galaxies that exhibit some preference for prolate shapes, especially when the indication
obtains for both NFW and Burkert profiles, can be tested independently by other
observations, and in particular by the detection of kinematic stellar groups [211, 212].
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Galaxy V200, km/s C200 Yd Yb D, Mpc i, o
D631-7,
NFW





1.69±2.22 0.53±0.14 0 8.02±2 60.69±4.94
DDO064, B 39±41.51 22.43±3.9 0.55±0.15 0 7.34±2.09 60.33±5
DDO161,
NFW
99.65±21.74 2.23±0.82 0.36±0.08 0 7.94±1.5 69.91±8.96



































0.71±0.75 0.56±0.13 0 84.86±8.01 47.8±8.42
F568-3, B 100.35±
33.65
20.91±7.49 0.51±0.13 0 81.28±8.04 29.88±9.28
F568-V1,
NFW
92.77±32.18 15.93±5.55 0.54±0.14 0 80.71±7.94 36.96±10.28
F568-V1, B 72.71±21.53 34.15±9.62 0.53±0.14 0 80.73±8.11 36.89±10.23
F571-8,
NFW
179.63±27.7 6.74±0.96 0.46±0.13 0 3.02±4.29 83.7±3.87
F571-8, B 104±4.53 22.28±1.09 0.37±0.1 0 24.48±7.89 83.41±4.07
F574-1,
NFW
93.93±15.31 7.75±1.51 0.56±0.15 0 96.59±9.58 63.5±10.11
F574-1, B 61.96±6.69 24.3±2.86 0.52±0.13 0 96.72±9.32 63.16±10.23
F583-1,
NFW
111.52±30 4.57±0.95 0.54±0.14 0 95.71±9.63 60.95±10.71
F583-1, B 61.86±7.72 18.51±2 0.52±0.13 0 95.48±9.66 61.18±10.51
F583-4,
NFW
53.1±238.29 12.53±10.32 0.67±0.21 0 61.62±10.88 62.11±9.49
F583-4, B 55.5±243.17 11.85±11.18 0.68±0.21 0 61.65±10.98 61.87±9.67
IC4202,
NFW
153.1±5.15 18.43±0.59 0.85±0.16 0.16±0.03 51.72±9.4 89.33±0.47
IC4202, B 140.67±1.06 43.87±0.5 0.52±0.14 0.67±0.19 0.67±1.2 89.34±0.47
NGC 0024,
NFW
69.17±3.7 19.01±2.77 0.72±0.2 0 7.38±0.36 64.7±2.98
NGC 0024,
B





1.64±1.21 0.49±0.11 0 13.66±3.63 88.78±0.76
NGC 0100,
B










5.9±0.69 0.64±0.06 0 83.32±7.36 80.02±1
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Galaxy V200, km/s C200 Yd Yb D, Mpc i, o
NGC 0891,
NFW
127.98±4.72 21.72±2.7 0.21±0.03 0.53±0.07 9.18±0.5 89.32±0.48
NGC 0891,
B
112.02±2.08 34.5±2.75 0.23±0.03 0.63±0.07 9.35±0.49 89.33±0.47
NGC 1003,
NFW
114.94±6.6 3.9±0.49 0.65±0.11 0 12.03±2.18 66.88±4.97
NGC 1003,
B
92.2±3.32 9.13±0.5 0.74±0.12 0 14.89±2.25 68.04±4.88
NGC 1090,
NFW
116.54±5.59 9.8±1.98 0.52±0.11 0 30.77±6.98 63.43±2.95
NGC 1090,
B
99±2.8 29.58±2.56 0.37±0.1 0 23.7±8.54 63.24±3.01
NGC 2403,
NFW
96.59±3.54 17.73±0.91 0.4±0.05 0 2.78±0.16 53.59±3.04
NGC 2403,
B
85.76±2.51 20.3±0.58 0.9±0.7 0 2.98±0.15 59.02±3.02
NGC 2841,
NFW
228.6±12.42 6.16±0.85 0.97±0.1 0.86±0.09 15.4±1.19 79.87±6.06
NGC 2841,
B
196.23±5.92 11.76±0.7 1.11±0.11 0.87±0.09 15.73±1.18 80.61±5.63
NGC 2903,
NFW
108.42±2.53 30.45±2.68 0.43±0.11 0 3.49±0.98 65.3±3.08
NGC 2903,
B










19.86±2.59 0.34±0.07 0.98±0.16 94.23±9.23 50.74±5.47
NGC 2998,
NFW
136.78±6.7 14.67±3.86 0.42±0.12 0 65.11±10.3 57.81±2
NGC 2998,
B





0.48±0.23 0.43±0.1 0 1.38±0.07 74.03±4.45
NGC 3109,
B
56.49±3.18 16.65±0.75 0.53±0.14 0 1.33±0.07 69.67±4.97
NGC 3198,
NFW
110.52±2.44 10.46±0.8 0.46±0.06 0 13.58±1.32 72.72±3.09
NGC 3198,
B










14.3±2.4 0.53±0.11 0 8.55±1.59 75.06±4.95
NGC 3741,
NFW
79.66±30.24 3.63±0.96 0.52±0.12 0 3.21±0.17 69.91±3.98
NGC 3741,
B
36.36±1.77 17.43±0.93 0.8±0.18 0 3.29±0.17 71.68±3.75
NGC 3893,
NFW
116.7±15.31 16.64±5.13 0.43±0.08 0 16.55±2.36 48.41±1.98
NGC 3893,
B





1.42±1.31 0.86±0.11 0 20.88±2.16 79.17±2
NGC 3917,
B





4.1±2.41 0.5±0.11 0 17.7±2.48 76.98±1
NGC 3972,
B
74.76±5.46 26.74±2.64 0.48±0.11 0 17.43±2.47 77±1.01
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7.6±1.67 0.46±0.07 0 17.23±2.14 68.84±1.98
NGC 4100,
NFW
100.81±3.93 19.33±3.23 0.52±0.08 0 17.82±2.3 73.01±2
NGC 4100,
B










10.16±2.32 0.54±0.08 0.68±0.16 17.78±2.17 81.98±3
NGC 4183,
NFW
75.09±3.89 11.97±1.79 0.55±0.13 0 17.97±2.36 81.97±1.98
NGC 4183,
B
63.71±2.07 25.76±2.13 0.5±0.12 0 17.56±2.44 81.91±2
NGC 4217,
NFW
163.81±37.2 8.68±2.73 0.88±0.23 0.26±0.05 13.8±2.39 85.92±1.92
NGC 4217,
B
105.18±3.56 31.8±3.5 0.57±0.15 0.34±0.09 9.29±2.66 85.85±1.93
NGC 4559,
NFW
94.78±7.03 9.5±2.23 0.46±0.11 0 6.1±2.26 66.97±1.01
NGC 4559,
B










18.18±13.19 0.55±0.09 0.58±0.09 16.38±1.33 67.77±1.95
NGC 5033,
NFW
131.01±1.74 22.12±1.87 0.4±0.09 0.54±0.13 11.41±2.63 65.95±1
NGC 5033,
B
122.76±1.48 26.38±1.67 0.46±0.1 0.52±0.11 15.14±2.57 65.97±1
NGC 5055,
NFW
120.5±6.1 13.19±1.12 0.28±0.03 0 9.96±0.29 59.03±5
NGC 5055,
B
115±5.54 14.98±0.89 0.39±0.05 0 9.96±0.3 59.35±4.84
NGC 5371,
NFW





3.48±0.26 0.84±0.15 0 30.77±4.98 52.82±2
NGC 5585,
NFW
98.78±8.41 6.7±0.86 0.41±0.11 0 3.89±1.57 50.51±2.03
NGC 5585,
B
64.28±2.55 16.95±0.74 0.54±0.11 0 7.93±1.43 51.09±1.92
NGC 5907,
NFW
133.61±1.33 23.7±1.93 0.28±0.05 0 16.61±0.9 87.53±1.53
NGC 5907,
B
194.36±21 5.95±0.45 0.96±0.05 0 17.78±0.86 87.63±1.47
NGC 5985,
NFW
176.2±4.26 29.59±1.04 0.45±0.12 0.71±0.18 11.18±8.41 59.61±2.01
NGC 5985,
B










9.92±2.06 0.42±0.08 0.79±0.1 126.13±11.68 61.12±4.72
NGC 6503,
NFW
80.77±1.55 14.44±0.97 0.4±0.04 0 6.15±0.3 73.67±2.04
NGC 6503,
B
74.01±1.01 20.6±0.77 0.57±0.04 0 6.25±0.3 73.91±2.01
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Galaxy V200, km/s C200 Yd Yb D, Mpc i, o
NGC 6674,
NFW










10.21±2.09 0.5±0.08 0.56±0.09 5.05±0.93 37.63±1.93
NGC 6946,
B





6.7±0.92 0.42±0.05 0.62±0.15 12.7±1.34 74.59±2
NGC 7331,
B
159.65±4.55 14.34±0.72 0.48±0.06 0.61±0.14 12.83±1.31 74.55±2.04
NGC 7793,
NFW
78.52±51.24 6.75±4.21 0.52±0.1 0 3.65±0.18 54.18±7.34
NGC 7793,
B
47.57±6.78 19.34±4.55 0.58±0.1 0 3.65±0.18 55.38±6.89
NGC 7814,
NFW
116.22±3.57 29.14±2.82 0.54±0.15 0.63±0.05 14.33±0.66 89.31±0.48
NGC 7814,
B




109.63±10.5 8.88±0.81 0.48±0.11 0 61.64±9 52.28±7.28
UGC
00128, B




58.64±6.3 9.43±1.23 0.54±0.14 0 11.52±3.36 56.69±3
UGC
00731, B


























193.53±26.1 4.28±1.2 0.62±0.08 0.92±0.12 60.81±7 68.47±3.74
UGC
03205, B




127.79±8.31 16.06±2.93 0.51±0.1 0.59±0.12 22.87±4.7 52.48±4.89
UGC
03546, B

















1.64±2.02 0.52±0.13 0 54.08±10.51 37.83±9.35
UGC
05005, B
86.79±24.66 10.53±4.43 0.53±0.14 0 55.16±10.64 39.49±10.33
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57.47±8.46 9.07±1.05 0.48±0.11 0 22.87±4.92 55.13±8.82
UGC
05716, B




48.6±3.06 28.2±3.47 0.48±0.11 0 5.59±1.79 60.12±5.02
UGC
05721, B






1.32±1.55 0.57±0.15 0 62.01±11.62 65.19±9.64
UGC
05750, B




58.36±5.74 14.51±2.25 0.54±0.14 0 12.06±3.52 50.74±2.98
UGC
06446, B















148.47±4.06 19.79±1.7 0.4±0.08 0.81±0.16 21.09±4.56 63.26±3
UGC
06786, B




104.4±23.82 7.55±1.86 0.51±0.12 0 17.57±2.48 55.83±2
UGC
06917, B




80.84±18.16 10.89±3.56 0.53±0.14 0 18.01±2.45 31.13±5.07
UGC
06930, B




79.09±6.44 12.7±2.06 0.52±0.13 0 17.76±2.47 48.96±1
UGC
06983, B




55.55±5.34 5.15±0.92 0.52±0.13 0 14.28±4.82 88.02±1.38
UGC
07125, B




68.2±38.11 6.95±2.96 0.8±0.17 0 7±0.34 87.98±1.41
UGC
07151, B











11.35±4.5 0.61±0.12 0 9.85±1.94 47.67±2.94
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75.98±6.86 17.77±2.2 0.51±0.13 0 8.26±2.49 54.69±3.05
UGC
07399, B








72.51±30.11 8.57±2.63 0.51±0.12 0 5.11±1.31 77.95±3
UGC
07603, B




59.06±2.37 14.78±1.36 0.69±0.19 0 6.54±0.21 88.04±1.39
UGC
08286, B




50.41±2.45 21.58±2.59 0.52±0.13 0 4.65±0.52 49.79±2.98
UGC
08490, B




43.59±4.32 12.34±2.09 0.58±0.15 0 7.38±1.78 87.96±1.43
UGC
08550, B




174.93±9.95 5.94±0.45 0.7±0.1 0.49±0.07 61.36±7.79 54.39±4.89
UGC
09133, B






2.13±0.75 0.52±0.07 0 79.59±9.94 89.33±0.47
UGC
11455, B




92.59±16.58 4.98±1.16 0.61±0.18 0 17.12±4.78 40.45±8.3
UGC
11820, B















57.49±6.68 9.08±1.39 0.54±0.14 0 9.58±2.87 45.6±3
UGC
12632, B
44.27±3.43 21.69±1.73 0.53±0.14 0 10.3±2.76 45.92±3.01
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7.26±1.35 0.54±0.14 0 14.53±3.73 39.49±5.73
UGC
12732, B
43.89± 5.57 16.55± 2.47 0.58±0.17 0 19.97± 3.11 47.69± 4.76
TA B L E 5 . 1 : The values of fitting parameters with errors for the
selected 83 galaxies from the SPARC sample, given a spherical dark
matter profile without a filament at the center, obtained from the MCMC
analysis.
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Galaxy V200,
km/s





20.49±4.41 0.55±0.14 0 7.38±2.08 60.36±5.06 0.02±0.01
DDO161,
B












68.92±2.28 25.51±2.1 0.5±0.12 0 11.76±3.44 73.78±3.02 0.14±0.08
F583-4, B 105.87±
252.16






















































10.4±2.46 0.53±0.1 0 70.17±9.49 57.88±2 6.5±1.6
NGC
3109, B
58.3±3.77 16.24±0.8 0.53±0.13 0 1.33±0.07 69.56±5 0.01±0.01
NGC
3198, B













15.33±4.16 0.49±0.11 0 7.04±1.68 74.22±5.29 5.19±2.89
NGC
3972, B





7.35±1.79 0.43±0.07 0 16.86±2.25 68.74±1.96 1.06±1.12
NGC
4183, B
61.66±2.67 20.96±3.14 0.5±0.12 0 17.43±2.47 81.91±2.01 0.87±0.44
NGC
4559, B























14.61±1.59 0.25±0.03 0 9.95±0.3 57.5±4.72 1.46±0.79
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Galaxy V200,
km/s




















98.54±7.07 7.06±0.75 0.44±0.12 0 2±1.6 50.49±2 0.06±0.03
NGC
5585, B




























76.07±3.17 13.63±1.15 0.36±0.04 0 6.11±0.3 73.51±2.05 0.98±0.73
NGC
6503, B





2.94±0.49 0.8±0.14 0.78±0.19 63.34±8.2 58.71±5.27 8.11±2.86
NGC
6946, B






















17.85±8.26 0.55±0.15 0.45±0.12 14.11±0.67 89.33±0.47 10.89±6.71
UGC
00128, B
88.28±9.36 11.21±1.42 0.48±0.11 0 60.24±9.44 50.29±7.84 3.76±0.89
UGC
00731, B



























59.55±9.01 8.61±1.13 0.47±0.11 0 22.58±4.97 52.94±9.09 0.1±0.13
UGC
05716, B
46.27±6.14 15.01±1.74 0.52±0.13 0 22.86±5.13 53.4±8.9 0.6±0.27
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Galaxy V200,
km/s
C200 Yd Yb D, Mpc i, o Gµ, 10−8
UGC
05721, B










127.8±8.02 18.66±2.13 0.47±0.11 0.65±0.16 10.72±5.66 63.04±3.06 9.12±2.43
UGC
06786, B
94.47±4.54 27.57±2.25 0.51±0.13 0.64±0.18 3.73±4.49 63.3±3.01 16.79±1.53
UGC
06917, B










12.4±3.36 0.55±0.13 0 8.67±2.18 46.73±3.05 0.15±0.12
UGC
07399, B
52.37±2.62 41.02±3.88 0.53±0.14 0 8.64±2.49 54.7±2.96 0.38±0.25
UGC
07524, B
51.56±3.5 18.83±1.23 0.51±0.13 0 4.74±0.24 45.16±2.95 0.06±0.05
UGC
08490, B
41.69±1.93 33.93±4.07 0.54±0.14 0 4.64±0.53 49.47±3.03 0.55±0.19
UGC
08550, B
























14.34±2.84 0.59±0.17 0 15±5.42 34.9±9.12 0.48±0.29
UGC
12632, B
44.52±3.71 19.65±2.2 0.53±0.14 0 9.9±2.76 45.44±3.04 0.19±0.18
UGC
12732, B
52.93±9.48 15.06±2.35 0.54±0.14 0 16.84±3.62 41.98±5.67 0.36±0.24
TA B L E 5 . 2 : The values of fitting parameters with errors for a spherical
dark matter profile with an infinite filament at the center, obtained
from the MCMC analysis (the values are given only for the galaxies
and profiles that have the fit minimum at Gµ 6= 0).
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Galaxy V200,
km/s
C200 Yd Yb D, Mpc i, o Gµ, 10−8
ESO116-
G012
68.9±2.28 25.53±2.12 0.5±0.12 0 11.77±3.47 73.65±3 0.14±0.08
NGC
2403, B











3.24±0.4 0.79±0.11 0.39±0.06 13.37±1.29 71.69±9.35 31.83±4.67
NGC
2903, B






















10.09±2.15 0.53±0.1 0 70.01±9.26 57.92±1.98 6.49±1.59
NGC
3198, B











15.32±4.38 0.48±0.11 0 7.09±1.64 74.38±5.14 5.31±2.92
NGC
4183, B















98.62±7.02 7.04±0.74 0.43±0.12 0 2.04±1.62 50.46±2.02 0.06±0.03
NGC
5585, B
















37.05±2.82 0.45±0.12 0.71±0.18 9.32±8.4 59.6±2.03 16.06±2.9
NGC
6503, B





3.12±0.42 0.79±0.13 0.77±0.19 63.47±7.94 58.73±5.19 8.12±2.93
NGC
6946, B











6.51±4.19 0.31±0.08 0.55±0.12 11.44±1.5 74.21±2.07 17.56±3.43
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Galaxy V200,
km/s

















































































14.54±3.22 0.59±0.18 0 15.22±5.39 34.33±8.92 0.5±0.33
UGC
12732, B
53.36±9.58 15.02±2.31 0.54±0.15 0 16.92±3.54 41.66±5.73 0.37±0.25
TA B L E 5 . 3 : The values of fitting parameters with errors for a spherical
dark matter profile with an finite filament of length 200 kpc at the
center, obtained from the MCMC analysis (the values are given only
for the galaxies and profiles that have the fit minimum at Gµ 6= 0 and
demonstrate improvement in BIC and AIC values upon the addition of
a filament).















105.02 91.36 98.41 121.81 93.17 93.88
NGC
2955
98.16 73.1 72.83 91.85 68.87 68.63
NGC
2998
42.58 23.86 23.75 44.65 23.7 23.35
NGC
5371
88.94 40.78 42.72 161.36 40.63 38.9
NGC
5585
145.45 143.37 143.35 110.84 88.45 88.43
NGC
5907
95.8 63.1 65.16 107.7 59.96 59.49
UGC
06786
52.85 51.16 51.73 113.81 58.8 61.33
UGC
09133
477.21 439.18 440.31 531.1 428.28 434.16
UGC
11820
23.6 22.18 22.7 48.59 34.7 34.49
TA B L E 5 . 4 : The values of the Bayesian criterion for three cases:
spherical DM halo, spherical DM halo with an infinite filament at the
origin, and spherical DM halo with a finite filament of length 200 kpc
at the origin. The values are given for 9 galaxies that demonstrate
BIC improvement upon the addition of the filament for both NFW and
Burkert profiles (we refer to this as strong evidence for the filament):
the left portion of the table concerns NFW halos, while the right portion
contains corresponding results for the Burkert halos.















44.01 — — 23.54 22.88 22.85
NGC
2903
204.52 — — 227.75 192.35 194.25
NGC
3198
74.66 — — 76.75 68.93 70.32
NGC
6674
45.12 — — 40.38 40.29 40.86
NGC
6946
114.4 — — 111.69 103.48 103.09
UGC
05716
32.39 34.03 — 40.36 27.73 28.42
TA B L E 5 . 5 : The values of the Bayesian criterion for three cases:
spherical DM halo, spherical DM halo with an infinite filament at the
origin, and spherical DM halo with a finite filament of length 200 kpc
at the origin. The values are given for 6 galaxies that demonstrate
BIC improvement for either NFW or Burkert profile, compared to the
standard case for the better-fitting profile (we refer to this as moderate
evidence for the filament): the left portion of the table concerns NFW
halos, while the right portion contains corresponding results for the
Burkert halos. The cases when the initial fit minimum is at Gµ = 0 are
marked with dashes.















648.36 — — 822.35 756.14 757.05
NGC
4183
19.34 — — 23.72 23.17 23.24
NGC
5985
81.61 — — 109.89 82.55 85.52
NGC
6503
58.48 61.26 — 83.28 70.67 71.77
UGC
00128
76.63 86 — 176.42 86 89.43
UGC
00731
15.81 — — 17.18 16.47 16.45
UGC
03205
176.43 176.59 — 190.57 184.33 185.54
UGC
08490
20.3 — — 33 24.63 24.65
UGC
12732
17.56 — — 24.16 22.52 22.57
TA B L E 5 . 6 : The values of the Bayesian criterion for three cases:
spherical DM halo, spherical DM halo with an infinite filament at the
origin, and spherical DM halo with a finite filament of length 200 kpc
at the origin. The values are given for 9 galaxies that demonstrate
BIC improvement for either NFW or Burkert profile, compared to the
standard case for the worse–fitting profile (we refer to this as weak
evidence for the filament): the left portion of the table concerns NFW
halos, while the right portion contains corresponding results for the
Burkert halos. The cases when the initial fit minimum is at Gµ = 0 are
marked with dashes.
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Galaxy NFW, w/o
string
NFW, string B, w/o string B, string
DDO 064 19.67 — 17.96 20.39
DDO 161 53.64 — 27.23 29.37
ESO079-G014 61.49 — 26.2 29.04
F583-4 22.18 — 21.65 22.81
NGC 1090 68.71 — 47.26 50.05
NGC 3109 210.82 — 20.31 23.01
NGC 3521 27.85 28 26.28 26.85
NGC 3972 20.82 — 17.56 20.53
NGC 4088 17.76 — 17.12 20.5
NGC 4559 25.22 — 24.46 27.52
NGC 5005 19.92 23.84 19.87 24.26
NGC 5055 84.92 90.16 67.64 70
NGC 6195 55.6 59.13 51.23 —
NGC 7331 48.35 62.96 62.05 69.51
NGC 7814 28.57 30.46 25.53 70.88
UGC 04278 45.26 — 30.23 32.43
UGC 05005 15.19 — 12.89 16.89
UGC 05721 35.72 — 23.86 26.8
UGC 06614 18 — 16.35 21.42
UGC 06917 19.3 — 13.83 17
UGC 06930 14.82 — 13.11 16.08
UGC 07323 17 — 15.56 16.62
UGC 07399 19.71 — 18.42 18.85
UGC 07524 40.54 — 23.85 26.47
UGC 08550 19.2 — 20.74 21.15
UGC 12632 18.06 — 14.48 17.38
TA B L E 5 . 7 : The values of the Bayesian criterion for two cases: spher-
ical DM halo and spherical DM halo with an infinite filament at the
origin. The values are given for 26 galaxies that demonstrate no BIC
improvement for either NFW or Burkert profile (i.e. no evidence for
the filament): the left portion of the table concerns NFW halos, while
the right portion contains corresponding results for the Burkert halos.
The cases when the initial fit minimum is at Gµ = 0 are marked with
dashes.















93.54 77.98 85.03 110.34 79.79 80.79
NGC
2955
91.1 64.86 64.58 84.78 60.62 60.39
NGC
2998
39.76 20.47 20.36 41.82 23.7 19.96
NGC
3521
19.28 17.7 17.66 17.71 16.57 16.59
NGC
5371
84.22 35.11 37.06 156.64 34.97 33.23
NGC
5585
139.56 136.3 136.28 104.95 81.38 81.36
NGC
5907
91.08 57.43 59.49 102.98 54.29 53.82
UGC
03205
165.2 163.49 164.42 179.34 171.23 172.44
UGC
06786
42.01 38.51 39.08 102.97 46.16 48.69
UGC
09133
463.9 423.65 424.77 517.78 412.74 418.62
UGC
11820
22.1 20.37 20.88 47.08 32.88 32.67
TA B L E 8 : The values of the Akaike criterion for three cases: spherical
DM halo, spherical DM halo with an infinite filament at the origin,
and spherical DM halo with a finite filament of length 200 kpc at the
origin. The values are given for 11 galaxies that demonstrate AIC
improvement upon the addition of the filament for both NFW and
Burkert profiles (we refer to this as strong evidence for the filament):
the left portion of the table concerns NFW halos, while the right portion
contains corresponding results for the Burkert halos.















40.47 — — 20 18.64 18.6
NGC
2903
196.89 — — 220.12 183.19 185.09
NGC
3198
65.85 — — 67.95 58.37 59.76
NGC
5985
72.63 — — 100.91 72.08 75.04
NGC
6674
40.87 — — 36.13 35.33 35.91
NGC
6946
102.04 — — 99.33 89.05 88.67
UGC
05716
29.96 31.12 — 37.93 24.83 25.51
TA B L E 8 : The values of the Akaike criterion for three cases: spherical
DM halo, spherical DM halo with an infinite filament at the origin, and
spherical DM halo with a finite filament of length 200 kpc at the origin.
The values are given for 7 galaxies that demonstrate AIC improvement
for either NFW or Burkert profile, compared to the standard case for
the better-fitting profile (we refer to this as moderate evidence for the
filament): the left portion of the table concerns NFW halos, while the
right portion contains corresponding results for the Burkert halos.
The cases when the initial fit minimum is at Gµ = 0 are marked with
dashes.















636.91 — — 810.89 742.39 743.3
NGC
4183
13.66 — — 18.04 16.36 16.42
NGC
6503
51.31 52.65 — 76.11 62.06 63.16
UGC
00128
71.18 — — 170.96 79.45 82.88
UGC
00731
13.38 — — 14.76 13.56 13.54
UGC
08490
13.3 — — 26 16.22 16.24
UGC
12732
13.7 — — 20.3 17.89 17.93
TA B L E 8 : The values of the Akaike criterion for three cases: spherical
DM halo, spherical DM halo with an infinite filament at the origin, and
spherical DM halo with a finite filament of length 200 kpc at the origin.
The values are given for 7 galaxies that demonstrate AIC improvement
for either NFW or Burkert profile, compared to the standard case for the
worse–fitting profile (we refer to this as weak evidence for the filament):
the left portion of the table concerns NFW halos, while the right portion
contains corresponding results for the Burkert halos. The cases when
the initial fit minimum is at Gµ = 0 are marked with dashes.
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Galaxy NFW, w/o
string
NFW, string B, w/o string B, string
DDO064 16.47 — 14.76 16.55
DDO 161 46.47 — 20.06 20.77
ESO079-G014 57.95 — 22.66 24.79
F583-4 19.76 — 19.23 19.9
NGC 1090 62.82 — 41.37 43
NGC 3109 204.72 — 14.21 15.7
NGC 3972 19.31 — 16.04 18.72
NGC 4088 15.33 — 14.7 17.59
NGC 4559 17.89 — 17.13 18.72
NGC 5005 14.58 17.61 14.53 18.03
NGC 5055 78.26 82.17 60.98 62
NGC 6195 48.78 51.18 44.42 —
NGC 7331 38.84 51.88 52.55 58.42
NGC 7814 23.23 24.22 20.19 64.64
UGC 04278 39.16 — 24.13 25.12
UGC 05005 13.2 — 10.9 14.48
UGC 05721 30.05 — 18.18 20
UGC 06446 13.35 — 16.53 16.53
UGC 06614 14.61 — 12.96 17.46
UGC 06917 17.31 — 11.84 14.61
UGC 06930 13.31 — 11.6 14.26
UGC 07323 15.49 — 14.05 14.8
UGC 07399 18.19 — 16.9 17.03
UGC 07524 33.37 — 16.68 17.86
UGC 08550 17.21 — 18.75 18.77
UGC 12632 14.52 — 10.94 13.13
TA B L E 8 : The values of the Akaike criterion for two cases: spheri-
cal DM halo and spherical DM halo with an infinite filament at the
origin. The values are given for 26 galaxies that demonstrate no AIC
improvement for either NFW or Burkert profile (i.e. no evidence for
the filament): the left portion of the table concerns NFW halos, while
the right portion contains corresponding results for the Burkert halos.
The cases when the initial fit minimum is at Gµ = 0 are marked with
dashes.
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Galaxy V200,
km/s
C200 Yd Yb D,
Mpc


































































TA B L E 8 : The values of fitting parameters with errors, BIC and AIC
for the 2 galaxies, obtained from the MCMC analysis, for a deformed
dark matter profile.
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V200,
km/s





















TA B L E 8 : The values of fitting parameters with errors, BIC and AIC
for NGC 5907 (Burkert profile), obtained from the MCMC analysis, for




We can now conclude with a brief summary of the original results obtained in this
Thesis.
In Chapter 4, we have derived some significant constraints on the relativistic
completions of MOND, which weaken somewhat the case for modified gravity and
point towards alternative explanations for the radial acceleration relation, such as the
interplay between dark and luminous matter. Namely, we have shown that the energy,
in the model known as covariant emergent gravity (CEG), is unbounded from below,
that f (R) modifications of gravity cannot yield the transition between the Newtonian
regime and the MOND regime, and we have stressed that superfluid dark matter
has an unclear mechanism of phase transition and coupling to baryons. Combining
these results with an earlier work [53], we have derived a generic “no–go“ statement
that applies rather generally to infrared modifications of gravity. In our opinion,
these results put significant constraints on relativistic extensions of MOND–based
frameworks, lending credence to alternative models that can explain the flattening of
rotation curves and RAR via dynamical effects.
In Chapter 5, we have hypothesized the existence of one such phenomenon,
namely the presence of bulges or string–like filaments at the centers of galaxies that
would produce quasi–logarithmic gravitational potentials, resulting in near–constant
rotation velocities at large distances (the elongation of dark halos themselves yields
a similar, albeit smaller effect). To test our proposal, we have performed a detailed
analysis of about 83 galaxy rotation curves from the SPARC catalogue, collecting some
interesting hints for the presence of elongated string–like objects in about 10–25 of
them, with the improvement in fit quality (measured as the decrease of χ2) of about
40–70% in best cases. From an astrophysical point of view, these objects could be
interpreted as black–hole relativistic jets comprising luminous or dark matter; they
could also be connected to features like tidal streams, polar rings, and larger–scale
intergalactic filaments. A more exotic candidate would be a cosmic string: it has been
proposed in [204, 205] that primordial cosmic strings can migrate to the center of
galaxies, and the data from pulsar observations by NANOGrav was also interpreted
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in the light of the cosmic string hypothesis [206, 207, 208]. On the other hand, contrary
to our original expectations, our current results indicate that the shape of the dark
halo, and thus the presence of possible bulges, is not clearly discernible from galaxy
rotation curves, yielding an improvement of only about 6–7%. Further work will be
needed to elucidate these issues, and we expect that the more refined galaxy surveys
from the Euclid mission will help to shed more light on them [213].
Given the scarcity of phenomenological clues on the actual nature of dark matter,
it is essential to try and interpret properly the few available ones. These include the
radial acceleration relation and the flattening of rotation curves at large distances,
and our motivation was to try and see to what extent, without invoking low–energy
modifications of gravity, one can attain a physical picture of these phenomena. We
feel that, to some extent at least, we have been able to move farther in this direction.
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